EXISTENCE OF GROUND STATES OF HYDROGEN-LIKE 
ATOMS IN RELATIVISTIC QED I: 
THE SEMI-RELATIVISTIC PAULI-FIERZ OPERATOR 
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Abstract. We consider a hydrogen- like atom in a quantized electromag- 
netic field which is modeled by means of the scmi-relativistic Pauli-Fierz 
operator and prove that the infimum of the spectrum of the latter operator 
is an eigenvalue. In particular, we verify that the bottom of its spectrum 
is strictly less than its ionization threshold. These results hold true for ar- 
• bitrary values of the fine-structure constant and the ultra-violet cut-off as 

| long as the Coulomb coupling constant (i.e. the product of the fine-structure 

constant and the nuclear charge) is less than 2/ir. 

(N 

S 1 

1. Introduction 

43 

The existence of atoms described in the framework of non-relativistic quantum 
electrodynamics (QED) is by now a well-established fact. The general picture is 
roughly that all exited bound states of an electronic Hamiltonian modeling an 
atom turn into resonances when the interaction with the quantized electromag- 
netic field is taken into account. Only at the lower end of the spectrum there 
remains an eigenvalue corresponding to the ground states of the atomic sys- 
tem. Its analysis is particularly subtle as the whole spectrum is continuous up 
■^J- ■ to its minimum in the presence of the quantized radiation field. The existence 

(SI ■ of energy minimizing ground states for atoms and molecules in non-relativistic 

QED has been proven first in [3j [5], for small values of the involved physical 
parameters. The latter are Sommerfeld's fine structure constant, e 2 , and the 
ultra-violet cut-off, A. The existence of ground states for a molecular Pauli- 
Fierz-Hamiltonian has been shown in [12] . for all values of e 2 and A, assuming 
a certain binding condition, which has been verified later on in [7] , for helium- 
like atoms, and in [TH] in full generality. In the last decade there appeared a 
large number of further mathematical contributions to non-relativistic QED. 
Here we only want to mention that ground state energies and projections have 
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also been studied by means of infra-red finite algorithms and renormalization 
group methods [H [2] El IS El El ED] • 

In contrast to the situation in non-relativistic QED only a few mathemat- 
ical works deal with models where the quantized radiation field is coupled to 
relativistic particles. For instance, in [TB] the authors study a relativistic 
no-pair model of a molecule. They prove the stability of matter of the second 
kind and give an upper bound on the (positive) binding energy under certain 
restrictions on e 2 , A, and the nuclear charges. In [18] two of the present au- 
thors consider a no-pair model of a hydrogenic atom and study the exponential 
localization of low-lying spectral subspaces. The same result is established in 
[T8] also for the following operator which is investigated further in the present 
paper, 

(1.1) ft 7 := y/(o- ■ (-iV + A)) 2 + 1 - SL + H f . 

Here A is the quantized vector potential in the Coulomb gauge, Hf is the ra- 
diation field energy, cr is a formal vector containing the Pauli spin matrices, 
and 7 = e 2 Z > is the Coulomb coupling constant, Z > denoting the 
nuclear charge. (The square-root of the fine structure constant is included in 
the symbol A, which also depends on the choice of A.) Previous mathematical 
works dealing with this operator include [19] where the fiber decomposition 
of Ho with respect to different values of the total momentum is studied. We 
adopt the nomenclature of the latter paper and call 7i 7 the semi-relativistic 
Pauli-Fierz operator. It is called semi-relativistic since time and space are cer- 
tainly not treated on equal footing. Furthermore, the operator Tt 1 appears 
in the mathematical analysis of Rayleigh scattering [11] which is connected to 
the phenomenon of relaxation of an isolated atom to its ground state. (The 
electron spin has been neglected in [IT] for notational simplicity.) An advan- 
tageous feature of semi-relativistic Hamiltonians in this situation is that the 
propagation speed of the electron is strictly less than the speed of light (which 
equals one in the units chosen in (11.11) ). Moreover, it is shown in [26J that 7i 7 
converges in norm resolvent sense to the non-relativistic Pauli-Fierz operator 
when the speed of light is re-introduced in (11.11) and send to infinity. 

We remark that the existence of ground states in relativistic models of QED 
where all particles, including the electrons and positrons, are described by 
quantized fields is proven in [8]. To this end the authors employ infra-red cut- 
offs in the interaction part of the Hamiltonian which will not be necessary in 
our analysis below. 

Thanks to ]18j we already know that 7i 7 is semi-bounded below on some 
natural dense domain, for all 7 e [0, 2/7r], and, hence, has a physically distin- 
guished self-adjoint realization. As already indicated above, it is also shown in 
[T8] that its spectral subspaces corresponding to energies below the ionization 
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threshold are exponentially localized with respect to the electron coordinates. 
Typically, localization estimates are important ingredients in the proofs of the 
existence of ground states. Here the ionization threshold equals, by definition, 
the infimum of the spectrum of 7io- The first result of the present paper states 
that, for every 7 G (0, 2/tt), the atomic system modeled by H 7 is able to bind 
an electron. This means that the infimum of the spectrum of 7i 7 is strictly 
smaller than the ionization threshold. (In [18] it has been verified that binding 
occurs for small values of e 2 and/or A.) The main theorem of this article asserts 
that the operator H 7 has an energy minimizing ground state eigenvector. This 
result holds true, for arbitrary values of e 2 and A and for 7 6 (0,2/n). We 
remark that the ground state energy - in fact, every speculative eigenvalue - 
of 7i 7 is evenly degenerate since 7i 7 commutes with the time reversal operator 
|19j . In order to proof the existence of ground states we combine the strate- 
gies employed in [31 E] and [12] . Roughly speaking we construct a sequence of 
approximating ground state eigenvectors - these are ground states of infra-red 
cut-off Hamiltonians - along the lines of [31 E] > and apply a compactness ar- 
gument very similar to the one given in [12]. As in [31 E], where the authors 
assumed e 2 or A to be small, we prove the existence of ground states for the 
infra-red cut-off Hamiltonians by means of a discretization procedure. A new 
observation based on the localization estimates actually permits to carry out 
the discretization argument, for all values of e 2 and A. Another key ingredi- 
ent in the proofs are infra-red estimates on the approximating ground state 
eigenvectors, namely, a bound on the number of soft photons [31 H2] and a 
photon derivative bound [12]. In order to establish these bounds for the model 
treated here, the formal gauge invariance of 7i 1 is crucial. In fact, the no-pair 
models investigated in [151 EE EE] are gauge invariant also and the present 
authors shall exploit this property to prove the existence of ground states for a 
no-pair model of a hydrogenic atom in the forthcoming article [Tij . Although 
the general strategies to prove the existence of ground states in QED are fairly 
well-known by now, their application to the model studied in the present paper 
and to no-pair models in QED is non-trivial, mainly due to the non-locality of 
the corresponding Hamiltonians. In fact, the electronic kinetic energy and the 
quantized vector potential in the Hamiltonian (11.11) are always linked together 
in a non-local way which leads to a variety of new mathematical problems in 
each of the steps in the existence proof mentioned above. To overcome these 
difficulties we employ various commutator estimates involving sign functions 
of the Dirac operator, multiplication operators, and the radiation field energy. 
Some of them have already been derived in [IB] . 

This article is organized as follows. In the subsequent Section [2] we introduce 
the semi-relativistic Pauli-Fierz operator and state our main results more pre- 
cisely. Section [3] summarizes some technical prerequisites obtained earlier in 



[18] and provides a number of new results on absolute values and sign functions 
of the Dirac operator. In Section H] we prove that binding occurs in our model. 
Section \5\ is devoted to the proof of the existence of ground states and starts 
with a brief outline of the strategy. Finally, in Section Owe prove the infra-red 
bounds. The main text is followed by two appendices. In the first one we 
provide some a-priori information on eigenvectors which is required to prove 
the infra-red estimates. In the second one we recall some basic definitions of 
operators acting in Fock spaces. 

2. Definition of the model and main results 

The semi-relativistic Pauli-Fierz operator studied in this article acts in the 
Hilbert space 

j% := l 2 (r 3 ,c 2 )® jyjr] = V r^- b [jr]rf 3 x. 

Here the bosonic Fock space, which is the state space of the quantized photon 
field, 

oo 
n=0 

is modeled over the one photon Hilbert space 

X := L 2 (R 3 x Z 2 ,dk), I dk := V / d 3 k. 



The letter k = (k, A) always denotes a tuple consisting of a photon wave vector, 
k G R 3 , and a polarization label, A G Z 2 . The components of k are written as 
k = (k^\ k^ 2 \ k^). We refer the reader who is not acquainted to the notation 
used here to Appendix[B], where the basic definitions of bosonic Fock spaces and 
the usual operators acting in them are briefly recalled. The following subspace 
is dense in J^ 2 , 

(2.1) ^ 2 := C~( R x> C 2 ) ® • (Algebraic tensor product.) 

Here C denotes the subspace of all elements (^ n ^)%L G ^[J^] 

such that only finitely many components ip^ are non-zero and such that each 
ip^ is bounded and has a compact support. In order to introduce the quantized 
vector potential we first recall the physical choice of the form factor with sharp 
ultra-violet cut-off at A > 0, 

(2.2) Gx hys (^) := e^ k - x g(A0, g(fc) = g e > A (k) := -e e(k) 



for every x G R 3 and almost every k = (k, A) G R 3 x Z 2 . Here the square of 
the elementary charge, e > 0, is equal to Sommerfeld's fine-structure constant 
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in our units where Planck's constant, the speed of light, and the electron mass 
are equal to one. (Energies are measured in units of the rest energy of the 
electron, x is measured in units of one Compton wave length divided by 2tt 
and the photon wave vectors k are measured in units of 2ir times the inverse 
Compton wave length; we have e 2 ~ 1/137 in nature.) Writing 

(2.3) k ± := (Jfe< 2 >, -JfeW 0) , k = (Jfett k^\ k®) G R 3 , 
the polarization vectors are given by 

(2.4) e(k, 0) = jj^r , e(k, 1) = -^j A e(k, 0) , 

for almost every k G R 3 . The quantized vector potential, A = A(G phys ), is the 
triplet of operators given by the direct integral 

A = A®, A®) := V / A(x)d 3 x, 

5=1,2 •'"I 

where, for each fixed x, 

A(x) := a f (GP hys ) + a(GP hys ) 

is acting in the Fock space. The definition of the bosonic creation and an- 
nihilation operators, (v(f) and a(f), are recalled in Appendix IB"1 For short 
we write o"(f) := ) ; °^(/ ))> f° r a three-vector of functions 

f = (/(i), /( 2 ), /(3)) e jr 3 , where a s is a or a). We further set 

3 

p := -zV x , cr ■ (p + A) := a J (~ id ^ + A ®) > 

where a±, cr 2 , c 3 are the Pauli spin matrices. An application of Nelson's commu- 
tator theorem with test operator —A + Hf shows that cr • (p + A) is essentially 
self-adjoint on fi? 2 . We denote its closure again by the same symbol and define 

T A := v/(cr.(p + A))2 + l 

by means of the spectral calculus. Now the semi-relativistic Pauli-Fierz oper- 
ator is a-priori given as 

(2.5) H^ip = ft 7jGP h ys <p := (r A - -g- + H f ) <p , <pe$ 2 - 

Here the radiation field energy, Hf := dT(u), is given as the second quantization 
of the dispersion relation u(k) = |k|, k = (k, A) G R 3 x Z 2 ; see Appendix IE1 
Moreover, we identify A = i ® 1, if/ = 1 ®Hf, etc. in (12. 5p and henceforth. 

It has been shown in pLfij that the quadratic form of 7^ 7 is bounded from 
below on for 7 G [0, 27r] and all values of e, A > 0; compare Inequality (13.91) 
below. In particular, H 7 has a self-adjoint Friedrichs extension which we again 
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denote by the same symbol H 7 . In what follows we denote the ground state 
energy of 7i 7 by 

E 1 := inf(j[W 7 ], 7 G (0,2/vr), 
and its ionization threshold by 

£ := inf a[Ho] • 

The following two theorems are the main results of this paper. 
Theorem 2.1 (Binding). Let e 2 ,A > and 7 G (0,2/7r). T/ien 

£ - £ 7 ^ |-Enr, 7 l > 

where E^. = — 7 2 /2 £/ie lowest eigenvalue of the Schrddinger operator 
— I A — describing a non-relativistic hydrogenic atom. 

Proof. This theorem is a special case of Theorem 14.11 below. □ 

Theorem 2.2 (Existence of ground states). Lete 2 ,A > and 7 G (0,2/7r). 
Then E 1 is an evenly degenerated eigenvalue of'H 1 . 

Proof. It is remarked in [T9l §4] that every eigenvalue of 7i 7 is evenly de- 
generated. In fact, this follows from Kramers' degeneracy theorem since 7i 7 
commutes with the anti-unitary time reversal operator $ := 02 C R, 1? 2 = — 1, 
where C denotes complex conjugation and the electron parity R replaces x by 
—x. The fact that E 1 is an eigenvalue is proved in Section □ 

Remark 2.3. (i) The authors are aware of the fact that in Theorem 12. II it would 
be preferable to have a bound in terms of the lowest eigenvalue of a/— A + 1 — 
rr — 1, which is larger in absolute value. 

|x| ' & 

(ii) Every ground state eigenfunction of 7i 7 is exponentially localized with 
respect to the electron coordinates in the L 2 -sense [18]; see Proposition 15.41 
where we recall the precise statement. 

(iii) Theorems 12.11 and 12.21 actually hold true for arbitrary choices of the po- 
larization vectors e(k, A), A G Z 2 , as long as e(k, A) is homogeneous of degree 
zero in k and {k/|k|, e(k, 0), e(k, 1)} is an orthonormal basis of R 3 , for almost 
every k. For in this case the special form (12.41) of the polarization vectors can 
always be achieved by a suitable unitary transformation; see the appendix to 
[2"o] for details. Moreover, the sharp ultra-violet cut-off in (12.21) can be replaced 
by a smooth cut-off implemented by some rapidly decaying function and The- 
orems 12.11 and 12.21 still remain valid. This follows by inspection of the proofs 
below. 
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3. The Dirac operator 



3.1. Operators acting on four-spinors. It shall be convenient to work with 
a two- fold direct sum of the operator 7i 7 defined in (I2.5p . For this permits to 
exploit earlier results on sign functions of the free Dirac operator minimally 
coupled to the quantized radiation field and to have a familiar notation in the 
proofs. The full Hilbert space we shall work with in the rest of this paper is 
thus given by 

^ 4 := 302 © 3%. = L 2 {Rl, C 4 ) ® jyjT] . 

It contains the dense subspace 

^ 4 : = C~([R X , C 4 ) <g> % . (Algebraic tensor product.) 

In order to introduce the Dirac operator we first recall that the Dirac matrices 
ai,a2) Q! 3) an d ft = ao are hermitian (4 x 4)-matrices obeying the Clifford 
algebra relations 

(3.1) OiOij + ajoa = 25ijl, i,j 6 {0,1,2,3}. 

In the standard representation they are given in terms of the Pauli matrices as 
atj = o\ ® <7j, j G {1, 2, 3}, and ft = a 3 ® 1. We shall also work with generalized 
form factors in what follows. For many of the technical results stated below are 
applied to truncated and discretized versions of the physical form factor (12. 2p . 
Moreover, this permits to apply some of the technical results of this article 
in our forthcoming work. Hence, it makes sense to introduce the following 
hypothesis. 

Hypothesis 3.1. Let A := {k G R 3 : |k| ^ m}, for some m ^ 0, and let 
w : A x Z 2 — > [0, oo) be a measurable junction that depends on k G A only such 
that < w(k) ^ |k| ; for k = (k, A) G A x Z 2 with k ^ 0. For almost every 
k G AxJ_ 2 and j G {1, 2, 3}, let G^\k) be a bounded continuously differentiable 
function, R^xm G-£ (k), such that the map (x, k) i— > G^\k) is measurable, 

(3.2) 2 J w(kY\\G(k)\\ldk ^ d], £e {-1,0, 1,2}, 
where J dk := Xasz 2 Ia^ 3 ^' an< ^ 

(3.3) 2 j w{k)- 1 \\V*f\G{k)\\l dk <: dl, 

for some d , d 1: d 2 G (0, oo), where [| Gr(A;) (joo := sup x |G x (/c)|. 

The generalized interaction between matter and radiation is now given as 

a ■ A := a ■ (a f (G) + a(G)) := ^ / a-A(x)d 3 x, 

5=1,2,3,4 ^ R x 
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where 



a ■ A(x) := a ■ a f (G x ) + a • o(G x ) , a • a»(G x ) := a o a KG$) 

3=1 



Under Hvpothesis l3.1l we have the following well-known relative bounds showing 
that a- A is a symmetric operator on V(dT{w) l l 2 ). For every ip E V^dT^w) 1 ^ 2 ), 

(3.4) \\a ■ a(G) tp\\ 2 < d\ \\dT(wfl 2 ^f, 

(3.5) ||a-at(G)^|| 2 ^ d\ \\dY{w f/ 2 ^\\ 2 + d% ||V|| 2 , 

(3.6) ||a- A-0H 2 ^ ^||(dr(c7) + 1) 1/2 ^|| , dl:=d 2 Q + 2d 2 



i • 



(Notice that the C*-equality and (13. ip imply \\a - u|| = |u|, for every u E R 3 , 
whence ||a • z|| 2 ^ 2|z| 2 , for every z e C 3 . For this reason we put the factor 2 
on the left sides of (13. 2p and (13. 3p .) The free Dirac operator minimally coupled 
to A is now given as 
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(3.7) D A := a • (p + A) + (3 := ^ a, (-zd 2 . + + /? . 

j'=i 

Da is essentially self-adjoint on ^ 4 as a straightforward application of Nelson's 
commutator theorem shows [T6l [19]. We use the symbol D A again to denote 
its closure starting from £^4. Its spectrum is contained in the union of two 
half-lines, a (Da.) C (— 00,— 1] U [l,oo). Next, we define the semi-relativistic 
Pauli-Fierz operator acting on four-spinors, H 1 = H lt Q t ^, a-priori by 

(3.8) H 7 <p := (\D A \-^ + dT{w))ip, <p E % . 
In [T5] two of the present authors proved the inequality 

(3.9) -r-r ^ \D A \ + 5dr(m) + (5- 1 + 5k 2 )d 2 

ix |x| 

for some k E (0, 00) and every 5 > 0, in the sense of quadratic forms on 
^4. It implies that, for every 7 E [0,2/tt], the operator has a self-adjoint 
Friedrichs extension which is henceforth again denoted by the same symbol. For 
7 E [0, 2/tt), the KLMN theorem further implies that Q(F 7 ) = Q(H ) and that 
^4 is a form core for H^. Here Q denotes the form domain of an operator. (We 
actually know that Q(H 7 ) = Q(\D \) D Q(dT(w)), for 7 E [0,2/tt) [26].) We 
observe that in the case G = G phys the operator defined in (13. 8p is a two-fold 
copy of the one given in (12. 5p since 

\D A \ = , T A := v/RpW+1- 
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3.2. A survey of earlier results. In what follows we collect some basic es- 
timates we shall need in the sequel. All of them have been derived in (TSJ §3]. 
As in [IS] we introduce the parameter 

81 = 5 2 U (E) := 8 / w »( k ;EY sup | Gx (fc)| 2 ^, E,u>0, 



w(k) 



where 

w u (k, E) := E 1 ' 2 -" ((E + w(k)Y +1 ' 2 -E V (E + w{k)) 1 / 2 ) , 
and note that 

(3.10) 5 1/2 ^ 2d 1 . 

Moreover, given some E > and some w as in Hypothesis 13.11 we set 

H f := dT(w) + E . 



Lemma 3.2. Assume that w and G fulfill Hupothesis \3 . 1\ Then the following 
assertions hold true: 

(i) For all u,E>0, the densely defined operator [Hj v , a ■ A] extends to a 
bounded operator on J^i which we denote by T v . We have 

\T V \ ^ 5 U /E 1/2 , v,E > 0. 

(ii) Let z E C and L E Jzf (L 2 (Rl, C 4 )) be such that z E g(D A ) n g{D A + L) 
(where L = L ® 1 and g denotes the resolvent set) and define 

(3.11) Ra,l{z) := (Da + L-z)- 1 , R a (z) := R Afl {z) . 

Assume that is, E > satisfy 5 V /E l l 2 < 1 / \\R a> l(z)\\ . Then the Neumann 
series 

oo oo 

* v ,l{z) := J2i- R ^{z)T v y , r u , L {z) := ]T{-t; R a ,l(z)Y , 

j=0 j=0 

converge absolutely, T u ^ L (z) = E u _ L (z)* , and 

(3.12) ||S„z(*)ll , ||T^(«)|| < (1 - 8 V WRa^W/E 1 / 2 )- 1 . 

(Hi) Under the assumptions of (ii) the following operator identities hold true 
on Jffi, 

(3.13) Hj u R A , L (z) = E v>L (z) R A , L (z) HJ V , 

(3.14) R A , L (z)Hj» = Hj v R A)L (z)T VtL {z). 

In particular, R a .l{z) maps T>{1 ® Hf) into itself. 
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In the next lemma we summarize some results on the sign function of the Dirac 
operator, 

Sa '■— Da \Da\ 1 , 

which have essentially been obtained in JTSJ §3]. We define J : [0, 1) — > R by 
(3.15) J(0) := 1, J(a) := y/E/(l - a 2 ) , a G (0, 1) . 



Lemma 3.3. Assume that w and G fulfill Hypothesis \3.1\ and suppose that 
F G C°°(IRx, [0, oo)) satisfies \VF\ ^ a, for some a G [0,1). Moreover, let 
v ^ ; set Hf = dT(w) + E, and assume that E > (5 u J(a)) 2 . Then 

(3,6) w^r^u ^i;^ - 

Moreover, Sa maps the domain of into itself. 

Proof. First, we assume in addition that F is bounded but allow F to be 
either non-negative or non-positive. Then it follows from [TSJ Lemma 3.5] that 
\\e~ F Sa e F \\ ^ 1 + a J (a). Moreover, we have 

\\ e - F [Hj\ S A ]Hfe F \\ ^ (l + aJ{a)) 5 » J{ * a )/ El/2 



5 U J(a)/E 1 / 2 



due to [ISl Lemma 3.3]. Writing 



e~ F HJ U S A Hf e F = e~ F S A e F + e~ F [Hj u , S A ] H) e F 

and combining these two inequalities we obtain (j3.16p . for bounded F having 
a fixed sign. 

Let us now assume that F ^ is not necessarily bounded. Then we pick a 
sequence of bounded smooth functions Fi, F 2 , . . . G C°°([R 3 , [0, oo)) such that 
|VF n | ^ a and F n = F on {|x| ^ n}, n G N, and F n — > F, as n — >• oo. 
Since every (p G ^4 has a compact support with respect to x we then ob- 
tain e~ Fn Hj u Sa Hf e Fn <p —>■ e~ F Hj u Sa Hf e F (p by the dominated conver- 
gence theorem. Since the operators e~ Fn Hj u Sa Hf e Fn obey the bound f)3.16p 
with F = —F n uniformly in n G N, we conclude that e~ F Hj v Sa Hf e F f^ 4 is 
bounded and its norm is bounded by the right side of (I3.16P also. But this 
is true if and only if its adjoint, e F Hf Sa Hj u e~ F , belongs to ^f(Mi) and 
satisfies (13.161) as well. (Here we use the facts that (ST)* = T*S* when ST is 
densely defined and S is bounded and that Hf and e F commute since they act 
on different tensor factors.) □ 
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3.3. Comparison between operators with different form factors. In the 

following we assume that Gil\k), k G A x Z 2 , j G {1,2,3}, is another form 
factor fulfilling Hypothesis 13.11 with new constants . . . , g^, that is, 

(3.17) 2 w{kY sup \G x {k)\ 2 dk ^ d 2 e < oo , £ G {—1, 0, 1, 2} . 

We write A = a '(G) + a(G) and assume further that 

(3.18) A 2 (a) := 2 / ^(Jfe)' sup { e~ a|x| |G x (Jfe) - G x (fc)| 2 } dk < oo , 

for £ G { — 1,0} and some a ^ 0. Then the bounds (13.41) and (13.51) still hold 
true when G is replaced by G, provided at the same time di is replaced by dg. 
Likewise we have 



(3.19) || e" a|x| a • a(G -G)'0|| 2 A 2 x (a) \\dT(w) 1/2 ip\\ 2 , 

(3.20) He-^a-a^G-G)^!! 2 < A 2 x (a) \\dT(zu) 1/2 ip\\ 2 + Ag(a) 



(3.21) || e" a|x| a • (A - A) V If ^ A 2 (a) || (dT(w) + 1) 1/2 ijj || , 

where A 2 (a) := 2 A 2 (a) +4 A 2 ^a), for every ^ G ©(cT^) 1 / 2 ). Next, we state 
some simple facts which are used in the proofs of the lemmata below: First, 
we have the following representation of the sign function of Da as a strongly 
convergent principal value [T3l Lemma VI. 5. 6], 

(3.22) S A <p = D A \D A \~ l (p = Mm [ R A (iy)cp — , <p G JT. 

T^OO J T IX 

Furthermore, since (—1, 1) C g(D A ) the spectral calculus yields, for all y G R 
and K G [0, 1), 

(3.23) || \D x \*R x {iy) || < + "<"» ^ =: {.(»), 

where 6(k) := kT 1 / 2 ^ - /t) 1 / 2 (1/0 := oo), c(k) := k k/2 (1 - k)^"")/ 2 . We shall 
often encounter the constants 

(3.24) if (0) := \ , := / -jM= ^ < oo , « G (0, 1) . 

2 jr v 1 + y 27r 

The next lemma shows that the resolvent of D A stays bounded after conju- 
gation with exponential weights e F acting on the electron coordinates. This 
assertion is well-known in the case of classical magnetic fields; see, e.g., [9]. The 
proof presented in [T7J Lemma 3.1] for classical vector potentials applies, how- 
ever, also to quantized fields without any change and we refrain from repeating 
it here. 
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Lemma 3.4. Assume that G fulfills Hypothesis \3.1\ Let y G R, a G [0, 1), 
and let F G C°°([Rx, R) have a fixed sign and satisfy |VF| ^ a. Then iy G 
g(D A + ia-VF), 

(3.25) e F R A {iy)e- F ={D A + icc-VF -lyY^-F), 

where e F = e F ® 1, and 



,F D A.^ „-F II / J ( fl ) 



(3.27) |||L»rr(S' s -5' A )^7 1 / 2 e ^|| <; 



(3.26) \\e* R A (iy)e-* ^ , ■ 

Vl+2/ 

where J is defined in (I3.15p . 

Lemma 3.5. Assume that w, G, and G fulfill Hupothesis \3.1\ such that (13.1 7p 
and (13.181) are satisfied, for some a G [0,1). Let k G [0,1) and assume that 
F G C°°(Rl, [0,oo)) satisfies |VF(x)| < a and F(x) ^ a|x|, forallxe R 3 , and 
F(x) = a|x|, /or /arge |x|. Tnen we nave, /or all E ^ 1 with E > (2diJ(a)) 2 , 

2if(/c) A»(a) 
1 - 2d 1 J(a)/E 1 / 2 ' 

idere if/- := dr(tz7) + E and A* (a) zs defined after (13. 2 1 j) . 

Proof. We define L := ict ■ VF so that ^ a. Then a short computation 
using (13.131) and (13.251) yields, for every y> G ^4, 

e" F id; 1/2 (i2 A (-i3/) - R A {-iy)) (D A + iy) up 

= E 1/2t - L (-iy) R a ,-lHv) H] 1 ' 2 e" F a • (A - A) R A {-iy) (D A + iy)<p. 

Now, (D A + iy) &I4 is dense in Jf? since D A is essentially self-adjoint on ^ 4 
and 1//2 e~ F a ■ (A — A) is bounded due to (I3.2ip . Therefore, the previous 
computation implies an operator identity in Jf(J$?) whose adjoint reads 

(R A (iy)-R A (iy)) HJ 1/2 e~ F 

= R A (iy) a • (A — A) e~ F HJ 1/2 R A , L (iy) T 1/2)L (iy) . 
Combining this with (13.221) we find, for <ft, ip G ^4, 
\{\D A \^\{S A -S A )HJ 1 ' 2 e- F ^)\ 
= I \(\D A \ K <p\R A (ty)c,-(A-A)e- F Hj 1/2 R AtL (ty)T 1/2tL (ty)^ 

< / 1| W%(n/)" 



d?/ 

7T 



a • e- F (A - A) id/ 1 / 2 1| [1^(^)11 ||T w (iy)|| U\\ 
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On account of (EOHj) and (jODjl . (Q2| . and 1ET2B1) . which imply ||T lAL (n/) || < 
(1 — 2diJ(a)/E 1 / 2 )~ 1 , the previous estimate proves (I3.27p . □ 

Lemma 3.6. Assume that w, G, and G fulfill Hupothesis \3 . 1\ such that (13.171) 
and (13.181) are satisfied, for some a e [0, 1). Let F e C°°(R^, [0, oo)) satisfy 
|V-F(x)| ^ a and F(pc) ^ a|x|, for all x G R 3 ; and F(x) = a|x| ; for large |x|. 
Set i?/ := rfr(ti7) + E. Then, for every E ^ 1 wzt/i .E > (2di) 2 , there is some 
C = C(a, Z, c?i) G (0, oo) snc/i i/iai, /or a// e, r 6 (0, 1] and <p e S>a, 

\{<p\ (\D A \- \Dj!)tp)\ 

(3.28) < 4\°^^ + A\H)' 2 e F V \\ 2 + ^^IM| 2 . 

Proof. Since Sa maps ^ 4 into the domains of D and H l J 2 (compare [Tg} 
Lemma 3.4(h)]) we have the following identity on 

(3.29) |D A | - \D X \ = D A S A + a ■ (A - A) Sa , 

where Sa = S A — S A . On account of (13.211) and (I3.16P (where 61/2 ^ 2di) the 
second term on the right side of (I3.29P can be estimated as 

I < if I a ■ (A - A) S A if ) I 

< |M| \\e- F <x- (A- A)HJ 1/2 \\ \\e F H) /2 S A H- 1/2 e- F \\ \\<? Sf <p\\ 

<r R-V2, Jl 2 1 A 2 (a)(l + qJ(a)) 2 2 

^ T H e F / ^ + Tr- (1-2^/2)2 ll^ll ' 

for all 9? e ^4 and r > 0. Next, we treat the first term on the right hand side 
of (13.291) . By virtue of Lemma [331 with k = 3/4 we find some C* e (0, 00) such 
that, for all <p G £^4, 

|||z>aI 1/2 SaH| 2 < ||| j d a | 1/4 5'a^||||PaI 3/4 S'a^|| 

< ||| J D A | 1 / 4 5 A ^||aA,(a)||e F F; /2 



< i 11 eF #r v ir + (^a^ 1 i^r 5 A v > 

(3-30) < I II < HI 2 + \ || l^ A | 1/2 HI' + " 2 2 

In the last step we also used that ||5 A || < 2. Solving (13301 for || IZ?^! 1 / 2 S 1 ^ ^|| : 
and replacing r by 4e r we arrive at 

\{<p\d x s AV )\ < em^vir + ^ii^Ai i/2 5A^ir 
^^ipAp/vir+Tii^^vir ■ a4 



A \ ' £>a<P II W^*(a) || e' U f ' 

F frill ||2 ^ 2 A 2 («) , I . |1/2 



64e 3 r 



2 

□ 



13 



Corollary 3.7. Assume that w, G, and G fulfill Hypothesis \3.1\ such that 
(13.171) and (13.181) hold true with a = 0. Then, for every 7 G [0,2/n) and 
t G (0, 1], we find e, C = C(e, 7, r, g^) G (0, 00) such that 

(3.31) |D A |-7/|x|+rdT(c7) ^ e (|D A | + l/|x| + dT(xu)) - C, 

in i/ie sense 0/ quadratic forms on ^4. 

Proo/. We choose e G (0, 1] such that (7 + e)/(l - e) < 2/tt. Then (J33J) with 5 
replaced by r/ (2 — 2e) implies 

|D A | -^ + rrfr(w) ^ e|D A | + e(|D A |- |D A | ) + ^ + ^dT(w)-C, 

for some C G (0, 00). Applying (13.281) with F = and r replaced by r/4 we 
obtain 

I D A I - ^ + rrfr(w) ^ (e-e 2 ) |D A | + ^ + ^ r M ~ C", 

for some C" G (0, 00), which implies the statement of the corollary. □ 

Corollary 3.8. Assume that w and G fulfill Hypothesis \3.1[ Then we find 
some constant, c(d\) G (0, 00), depending only on the value of d\, such that 
inf a[|D A | + dT{w)] ^ c(d x ). 

Proof. By virtue of Corollary 13.71 we find some c = c(d\) such that |D A | + 
dY{w) ^ c(|D | + dY{w)). Picking a minimizing sequence for the quadratic 
form on the right hand side we conclude that inf <x[|D A | + dT(w)] ^ c. □ 

4. Existence of binding 

As a first step towards the proof of the existence of ground states we need to 
show that binding occurs in the atomic system defined by H y = H^ iGP h yBul . 
That is, we need to show that inf cr[H y ] + C 7 ^ inf a[H ], for all 7 G (0,2/ir), 
where C 7 > 0. This information will be exploited mathematically when we 
apply a bound on the spatial localization of low-lying spectral subspaces of 
if 7 from [18J. The localization estimate in turn enters into the proof of the 
existence of ground states at various places, for instance, into the derivation 
of the infra-red estimates. We shall obtain a ground state of if 7 as a limit 
of ground states of infra-red cut-off Hamiltonians. The existence of the latter 
ground states in turn is proved by means of a discretization in the photonic 
degrees of freedom. Therefore, it is actually necessary to have a bound on the 
constant C 7 which is uniform in the infra-red cut-off and in the discretization 
parameter. 

In the first two subsections below we introduce the infra-red cut-off and dis- 
cretized semi-relativistic Pauli-Fierz operators. After that we introduce a fiber 
integral representation of these operators with vanishing exterior potentials. 
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For the translation invariant non-discretized operators this corresponds to the 
decomposition with respect to different values of the total momentum operator. 
This representation is a key ingredient in the proof of the binding condition 
which is presented in the last of the four subsequent subsections. 

4.1. The infra-red cut-off operator H im . The infra-red cut-off Hamiltoni- 
ans, H 1>m , m > 0, are given by 

(4.1) Am := {ke R 3 | |k| ^m}, m>0, 
and 

(4.2) a ■ A m (x) := a • a\l Am e^g) + cx ■ a(l Am e^g) , 
(4-3) H^ m := \D Am \ -ft+H f . 

Here e~* k x g = G£ hys is the physical choice of the form factor defined by (12.21) 
and Hf = dT(uj). From the remarks below (13.91) we know that if 7i?n is well- 
defined as a self-adjoint Friedrichs extension starting from £^ 4 . To have a unified 
notation we further set 

A := R 3 , A := A(G phys ) , H y := # 7) Gphy<>- 

4.2. The discretized operator if 7m£ . Next, we define a discretized version 
of H i m . It is considered as an operator acting in a subspace of the truncated 
Hilbert space 

(4.4) 3V> := L 2 (R 3 , C 4 ) ® ^ b [JT m >] , := L 2 (A m x Z 2 ) . 

On this Hilbert space we introduce a discretization in the photon momenta: 
We decompose A m = {k G R 3 : |k|^m} into a disjoint union of "cubes" with 
side length e > 0, 

A m = \J Qfju) , Qfjy) := (u + [-e/2 , e/2) 3 ) n A m , u G (eZ) 3 . 

^G(eZ) 3 

Of course, for every k G ^4 m , we find a unique vector, u E {\s) G (^Z) 3 , such that 
k G Q^(i/ e (k)). In this way we obtain a map 

(4.5) i> £ : Am x Z 2 — ► R 3 , fc = (k, A) i— > u e (k) := i/ 6 (k) . 
We define the e-average of a locally integrable function, /, on A m x Z 2 by 

:= r?i i / /(p>^ 3 p, k = (k,\)eA m xZ 2 . 

Alternatively, we may write, for every / G Jt> = L 2 (A m x Z 2 ), 
(4-6) fe = Pef:= £ (W)I/>W)« 

l/g(sZ) 3 : 
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where 1q^(i/) denotes the normalized characteristic function of the set Q £ m {v). 
(Thus Iq^o) = £~ 3 ^ 2 Iq^v), provided \u\ > m + \/3e/2.) Of course, P £ is an 
orthogonal projection in J^f. The discretized vector potential is now given as 

(4.7) A m , £ (x) := at(e"^- x g m>£ ) + a(e— x g m>£ ) , g m>£ = P £ [l Am g] , 
The dispersion relation is discretized in a slightly different way, namely 

oo £ (k) := inf { |p| : p G Q £ m (u £ (k)) } , k = (k, A) G A m x Z 2 . 

For this definition of co> £ has the following trivial consequences which shall be 
useful later on, 

(4.8) max { m , (1 — VSe/m) uj } ^ uj £ ^ u on A m , 
(4-9) fT />mie := dT(u; £ ) ^ H> m := dY{u\ AM ) . 

Here the operators in the last line are acting in ^[Jtf^]. Given 7 G (0, 2/tt) 
and some function c : (0, 1) — > (0, 1), £ 1— > c(e), possibly m-dependent also, but 
tending to zero uniformly in m ^ 0, as e \ 0, we write 

(4.10) le := 7/(1 -c(e)) 

in what follows. (Later on we choose c essentially equal to m 1//4 A 1 / 2 (5) where 
A(e) is defined in ( I5.20p .) We shall always restrict our attention to sufficiently 
small values of e satisfying 7 £ < 2/n. For such 7 and e and every m > 0, 
we define a discretized semi-relativistic Pauli-Fierz operator, H ime , acting in 
L 2 (R 3 ,C 4 )® jyjCI, 

(4-11) H J>m>£ := \D Am J - 7£ /|x| + H f>rrij£ . 

Notice that, by definition, the above operators act in the truncated Hilbert 
space modeled by means of and that the Coulomb coupling constant has 
been changed to 7 £ in H^^ £ . Once more, the remarks succeeding (13. 9p apply 
to H ly7n ^ £ which is thus well-defined as a Friedrichs extension starting from the 
algebraic tensor product 

(4.12) &> := C™(R 3 , C 4 ) ® V> . 

Here C is the dense subspace of all C0 (n) )£L o e ^h[JQ] such that 

ip^ 7^ 0, for only finitely many n, and such that each ip( n \ n > 0, is bounded 
and has a compact support in (A m x Z 2 ) n . 

4.3. Fiber decompositions of the free operators (7 = 0). Our bound on 
the binding energy for H irn , m ^ 0, is based on a direct fiber decomposition of 
with respect to fixed values of the total momentum p®l + l(g>pj, where 

(4.13) p f := dT(k) := (rfr(A; (1) ) , dT(k {2) ) , dr(A; (3) )) , 
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is the photon momentum operator. A conjugation of the Dirac operator with 
the unitary operator e iPf X - which is simply a multiplication with the phase 
e «(kiH hk„)-x j n gg^h Yock space sector ^^ n \jt] - yields 

x /;.a.. ' '" x = a-(p- P/ + A m (0))+/3. 

When we deal with the discretized operator H Jjm>e , m, e > 0, then we replace 
the photon momentum operator by 



Pf £ := dY{y e ) (all three components acting in J^bfJ^] 
where u e is defined in (14. 5p . Then it is again easy to check that 

<" > ' X /V < x = a-(p-p /j£ + A mi£ (0))+/3. 
We unify our notation by setting 

(4.14) 7q := 7, p m , := P/, A mfi := A m , #/, m , := H f , 

and we always assume that e = when m = in the sequel. Then a further 
conjugation with the Fourier transform, T : L 2 (R^_) — > L 2 (R^), with respect to 
the variable x turns the transformed Dirac operators into 

(4.15) {T®l)^-^D AmE e-^^{T- l ®l) = I"" D m . £ {£)d?t. 

Here the operators 

5 m , e (£) := a-(£- P/ , e + A m , e (0))+/?, £ G R 3 , 

acting in C 4 <S> ^\>[JfT\, for e = 0, and in C 4 <S> ^[J^], for £ > 0, are fiber 
Hamiltonians of the transformed Dirac operator in (I4.15P with respect to the 
isomorphisms 

(4.16) M 3 S / C 4 <g> ^ b [JT] Si , = / C 4 ® & h [JC] d3 £ , 

Jr 3 Jr 3 

respectively. (In particular, the transformed Dirac operator in (14.151) again acts 
in J% or Jt?>, respectively, where, for e = 0, the variable in the first tensor 
factor, £, is now interpreted as the total momentum of the combined electron- 
photon system.) Corresponding to (14. 161) we then have the direct integral 
representation (compare, e.g., [231 Theorem XIII. 85]) 

(4.17) [T ® 1) e ip /-' x H 0>m , e e" ip /-' x {T~ x ® 1) = F # ,m )£ (£) d 3 £ , 

JR 3 

where 

#0,m,e(£) := |An,e(£)l + Hf,m,e ■ 
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4.4. Proof of the binding condition. For m ^ and e > (in case that 
m > 0), we set 

(4.18) £ 7 , m , £ := inf cr[if 7imj£ ] , 7 e G (0, 2/7r), S m _ e := inf cr[if ,m,e] , 

and we fix some p > in what follows. In view of the fiber decomposition 
( 14.171) we know that the Lebesgue measure of the set of all £ G R 3 satisfying 
er[Ho,m,e(£)] H (Sm, e — p, S m £ + p) 7^ is strictly positive [23, Theorem XIII. 85]. 
In particular, we find some £ + G R 3 and some normalized <p* G Q(-ffo,m,e(£*)) 
such that 

(4-19) <P*|#0,m, e (£J 

We define the unitary transformation 

TJ = TJ — / " I' ' £*)•* 

and observe as above that 

DmAP,L) ■= UD Ame U* = cx-(p + U) + (3, 

where 

t* := £*-P/, £ + A m , £ (0). 
It suffices to prove the binding condition for the unitarily equivalent operator 

(4.20) UH m U* = ^/(a-(p + t,)) 2 + l " m + #/, m , e • 

Theorem 4.1. For a// e 2 ,A > 0, 7 G (0, 2/7r), m ^ 0, and £ > (provided 
that m > 0), 

(4.21) S mj£ — Ky )m)£ ^ |-^ni,7el > 

^ere < 7e = inf a[±p 2 - ft] = - 7 2 /2. 

Proof. Let p > and £^ be as in the paragraphs preceding the statement. For 
77 ^ 0, we abbreviate 

ifcfo) := ((a ■ t,) 2 + 77 + I)" 1 , ifcfo) := ((a ■ (p + t*)) 2 + V + l)" 1 - 

Since the anti-commutator of a ■ p and ck ■ t* is equal to 2 p ■ t* it holds 
(a ■ (p + t*)) 2 = (a • t*) 2 + 2 p • t* + p 2 on P(p 2 ) n V{H 2 f m e ). In Lemma O 
below we verify that Riirj) maps V(Hj mE ) into itself, for every z/ > 0. We 
deduce that, for any <p G ^4 (respectively <p G ^4), 

-R 2 (v)<P = -R2{v)[{a-K) 2 + l + r ] ]R 1 {r ] ) ¥ > 

(4.22) = R 2 (r ] )[2p-t, + p 2 ]R 1 ( V )i P - Ry(rj)(p. 

We use the following formula, valid for any self-adjoint operator T > 0, 

VT^= /" (l - _^_) V, , ^GP(T), 
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and the resolvent identity (14.221) to obtain 

(<p\(y/(a-(p + U))* + l - ^M^+l)^) 

= J"(<p\(Ri{v)-Mv))<p)>/ri% 

= J°° (R^cp] [2 p-t* + p 2 ] Ri(v)f)Vri^ 

f°° dn 
= / {ip\R x {rj) [2p-t* + p 2 ]it: 1 (r 7 )^>V^ — 
Jo 71 
r°° dn 
- / < [2p-t, + p 2 ] J R 1 (7 7 ) ^ | ^2(77) [2p-t, + p 2 ] J R 1 (7 7 )^>V^ — 
Jo 7r 

(4.23) 

< / <<^|i?i(r/) [2p-t, + p 2 ] R x (r,)ip)yfn — - 
Jo 7r 

In the last step we used the positivity of Rziv)- We consider now ip := </?i (g> y? 2 
where y>i € C£°(R 3 , R) and ip 2 G C 4 ® ^ (respectively v? 2 G C 4 <g> ^f) with 
||<£j|| — 1, j — 1, 2. (Here the dense subspaces ^0 C J^t>[^] and c 
are defined below flS} and (Q2]l .) We find that 

(</?| i?i(r?)p ■ URx(rj)ip) 
3 

(4.24) = XX^il - ^X^l i?x(^7) t? } ^i(r?) ^2 > = , 

i=i 

due to the fact that (fi is real and, hence, 2((p% | d Xj (fi ) = J d Xj ip\ = 0. On 
the other hand the functional calculus implies 

[WA B,e?)V> >^ f = jf f <** I ((« • t.) 2 + 1)" 1/2 > 

which permits to get 

(4.25) I™ (<p\Ri(v)p 2 Ri(v)v)Vv- < £<*>i|pV>- 

Jo TT 2 

Combining (ET251) . pi) , and ffl~2l)j) we arrive at 

(^|c/# 7 , m , E [/>) 

^ (<^ 2 | ( V / («-t,)2 + l + F /imi£ ) <^ 2 ) + (l p 2_ j^), 

where \J (a ■ t*) 2 + 1 + i?/,m,e = #o,m,e(£*)- By a limiting argument the previ- 
ous inequality extends to any real-valued G <2(p 2 ) and v?2 G Q(i/o, m , e (£*))■ 
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We choose ipi to be the normalized, strictly positive eigenfunction of ^ p 2 — j^- 

corresponding to its lowest eigenvalue —7^/2, and <p 2 = V*- By the choice of 
V?* in (|4.19|) . where p > is arbitrary, this proves the assertion. □ 

Lemma 4.2. Let u, rj > 0. Then the resolvent Ri(rj) defined in the previous 
proof maps V(Hj m £ ) into itself. 

Proof. In view of the representation 

it suffices to show that R(y) : = (D mjS (£) — iy)^ 1 maps T)(Hf m ) into itself, for 
all y G R and £ G R 3 . Now, an application of Nelson's commutator theorem 
with test operator Hf := Hf >m£ + E, E ^ 1, shows that D m>E (£) is essentially 
self-adjoint on C 4 ®^o- This property together with Lemma I3T21 permits to de- 
rive the identity [R(y) , Hj u ] = R{y) T v Hj u R(y), where T v e (C 4 ®^ b [^]) 
is the closure of [Hj u , a ■ A miE (0)] Hf] compare [TBI Proof of Corollary 3.2]. 
This identity in turn implies 

(4.26) R(y)Hj» = Hj»R(y)T u (y) 

on C 4 (g> J^bp?n, where the Neumann series T u (y) := X^jloi - R{v)Y con ~ 
verges, provided E ^ 1 is chosen sufficiently large. The operator identity (I4.26P 
shows that R(y) maps V(Hj m£ ) = Ra.n(Hj u ) into itself. (For e > 0, we have 
to replace J?T by and ^0 by i n the argument above.) □ 

5. Existence of ground states 

5.1. Outline of the proof. In this section we prove our main Theorem l2.2[ As 
in [21 E] (see also [12] where a photon mass is introduced in a slightly different 
way) we first show that the infra-red cut-off Hamiltonians, H y>m , m > 0, defined 
in fl4.ip - fl4.3l) possess ground state eigenfunctions, provided m > is sufficiently 
small. This is done in Subsection 15.31 by means of a discretization argument 
similar to the one in [5]. The implementation of the discretization procedure in 
[3], [5] requires a small coupling condition. By a modification of the argument 
we observe, however, that this is actually not necessary. Before we turn to 
these issues we explain in Subsection 15.21 how to infer the existence of ground 
states for the limit operator from the fact that the H i m have ground state 
eigenfunctions. Here we benefit from a result from [12] saying that the spatial 
localization, a bound on the number of soft photons, and a photon derivative 
bound introduced in [12] allow to use standard imbedding theorems for Sobolev 
spaces to ensure the compactness of the set of approximating ground states. 
The first of the latter key ingredients, the exponential localization estimate for 
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low-lying spectral subspaces of the operators H Jj1n , has been proven in [18]. 
The proofs of the two infra-red bounds are postponed to Section EJ 

We close this subsection by a general lemma which allows to prove the ex- 
istence of imbedded eigenvalues by means of approximating sequences of oper- 
ators and eigenvectors. It is a modified version of a result we learned from [3] 
and its assertion is actually stronger than necessary for our application. 

Lemma 5.1. Let T, Ti, T2, . . . be self- adjoint operators acting in some separable 
Hilbert space, 3C ' , such that {Tj}j e ^ converges to T in the strong resolvent 
sense. Assume that Ej is an eigenvalue of Tj with corresponding eigenvector 
4>j G T>(Tj). Assume further that {<pj}jetti converges weakly to some 7^ <f> G S£ . 
Then E : = lim^oo Ej exists and is an eigenvalue ofT. If Ej = inf a\Tj\, then 
T is semi-bounded below and E = inf cr[T]. 

Proof. In what follows we abbreviate / := arctan. Then f(Tj)if> — > f(T)if>, 
j — > 00, for every if) G JT, since Tj — > T in the strong resolvent sense. Let us 
assume for the moment that if) G S£ fulfills (if>\(j)) 7^ 0. Then we find some 
jo G N such that ( if) \ (f>j ) 7^ 0, for j ^ j , and we may write 





<M + (f(Tj)iP-f(T)i/;\ 


0i) 




0i) 



The sequence {f{Ej)}j^ thus has a limit 
f(E) := hm f{Ej) = 









0) 



In the case ( -0 | ) = we may replace if> by if> = if) + <f> in the above argument 
to see that (f(T)if)\(f)) = also. The equality (if)\ f(T) <p) = (ip\ f(E) 0) 
thus holds, for every t/> G whence /(T) = /(-E 1 ) 0. It follows that : = 
tan(/(£')) ^ inf a[T] is an eigenvalue of T since w(cr pp [/(T)]) C er pp [w(/(T))] = 
c pp [(u o /)(T))], for every Borel measurable function u. 

Now assume that Ej = inf ex [7}]. Set A := inf cr[T], when T is semi-bounded 
below, and pick some A G a[T] fl (—00, i£ — 1), when inf a[T] = —00. Since Tj 
converges to T in the strong resolvent sense there is a sequence {Efij^ with 
Ej ^ G <t[Tj] and £j : -»• A. So £ ^ A = linx^ E 1 - ^ lim^o^- = E. If 
inf cr[T] = —00 the first inequality is strict and we get a contradiction. □ 

5.2. Approximation by infra-red cut-off electromagnetic fields. In or- 
der to prove that H 1 has a ground state provided this holds true for H 1>m 
with sufficiently small m > we first show that H ljjn converges to H 1 in norm 
resolvent sense. If we choose a = 0, w = u, G = G phys = e~* kx g, and 
G = G phys , m > 0, then the parameter defined below (13.211) is equal to 

(5.1) Al(m) := [ + \g(k)\ 2 dk — 0, m\0. 
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Lemma 5.2. Let e 2 ,A,m > and 7 G [0,2/tt). Then H 1>m and if 7 have 
the same form domain, Q(H 1>rn ) = Q(H y ) = Q(|D |) n Q(Hf), and the form 
norms associated to H^ m and if 7 are equivalent. Moreover, H 1>m converges to 
if 7 in the norm resolvent sense, as m \ 0. 

Proof. The first assertion, which has already been observed in [26J , follows from 
Corollary 13. 71 (with A = or A = 0). Moreover, we know that ^4 is a common 
form core of H 1 and H im , m > 0, and on ^4 we have 

# 7 - H J>rn = (S A - S Am ) D A + S Am a ■ (A - A m ) . 

By virtue of Lemma 1331 and (I3.2ip we thus find some C G (0, 00) such that, 
for all m > and ip G ^4, 

|H(#7- H i,m) V>)\< 0(K(m)) ( \\H) I2 V \\ II I^aI 1 / 2 <p\\ + \\<p\\ WH 1 / 2 <p\\ ) 

(5.2) ^ 0(K(m)){ V \(H 1 + C) V ). 

Here Hf = Hf + E, for some sufficiently large E > 0, and in the last step 
we used Corollary 13.71 Since we may replace ip in (I3.10P by any element of 
Q(Hy >m ) = Q(H y ) the second assertion follows from [2H Theorem VIII. 25]. □ 

For every m > 0, we split the one-photon Hilbert space into two mutually 
orthogonal subspaces 

X = L 2 (R 3 x Z 2 ) = JC © JC , 

where = L 2 (A m x Z 2 ) has already been introduced in (j4.4p . It is well- 
known that &b\J(r\ = J^b[^m]®^b[J£,n] anc ^ we observe that all the operators 
a(l Am e- ik -*g^(k)), a){t Am e~ ikx ^)(fc)), j G {1,2,3} x G R 3 , and leave 
the Fock space factors associated to the subspaces J(f> invariant. Hence, the 
same holds true also for D Am) S Am , and |-Da„J- We shall designate operators 
acting in the Fock space factors ^[Jf^] or ^ h [J^} by a superscript > or <, 
respectively. Then we have D Am = D A > <S> 1 and S Am = S A > ® 1 under the 
isomorphism 

(5.3) ^ 4 = (£ 2 (R 3 , c 4 ) ® & h [Jfr>}) ® ^bpC] . 

The semi-relativistic Pauli-Fierz operator decomposes under the isomorphism 
f[P]) as 

# 7 , m = tf> m ®l + 1®#<, #> m := |£ A > I -$ + Hf. 

By the remarks below (13. 9p the operator i??^ is well-defined as a Friedrichs 
extension starting from the the dense subspace 3>^ defined in ( 14. 121) . We let 
Q K denote the vacuum in J? h [J(f^]. In view of Hj? Q < = we then observe 
that 

(5.4) E m := E 7jm = infer [F 7im ] = infer [if> m ] , m > . 



22 



Thus, if 0> is a ground state eigenvector of H> m then 0> ® fi < is a ground 
state eigenvector of H i m . Likewise, we have 

(5.5) S m = infer [i/ ,m] = inf cr[H^ m ) , m>0, 

since we can tensor-multiply minimizing sequences for H^ m with fi < . In Sub- 
section [573] we prove the following proposition, where [•]_ : R — > (— oo,0] 
denotes the negative part 

[t]- := min{t, 0}, t G R. 

Proposition 5.3 (Ground states with mass). Let e 2 ,A > 0, 7 G (0, 2/71"). 
T/ien i/iere exists some > suc/i i/iai, /or ever?/ m G (0, mo), t/ie operator 
[H> — — 21] _ /ias finite rank. In particular, E m is an eigenvalue of both 
H> m and # 7 , m . 

To benefit from this proposition we also need the following results. The first one 
on the exponential localization of low-lying spectral subspaces is also applied 
to the discretized operator i/ 7)m , e defined in (14.101) and (14. lip later on. (Recall 
our convention (14.141) and (14. 18j) . ) 

Proposition 5.4 (Exponential localization). There exist ko,ki G (0, 00) 
such that the following holds: Let e 2 ,A > 0, m, e ^ 0, 7 G (0,2/ir), and let 
I C (—00, S m £ ) be some compact interval. Pick some a G (0, 1) such that 
g := S me — max / — 6a 2 /(l — a 2 ) > and g ^ 1. Then 
(5.6) 

||e a W h(H m ) || < (k 1 /g 2 )(l + \I\)(E m>£ + k e 2 A 3 ) e ^)^ m „ + k e^)/^ 

where \I\ denotes the length of I and c : (0,2/n) — > (0, 00) is some universal 
increasing function. In particular, we find £1, mi, S\ > 0, and ai G (0,1) such 
that 

(5.7) sup{ ||e ai|x| l Jlim ,e)(H m ))\\ : m G [0,mi], e G [0, s 1 ] } < 00 , 

where Ji(m, e) := [E ljTni£ , E 1:JJlt£ + 5\}. The same estimates (15.61) and (15.71) 
hold true with H ltmfi replaced by H> m , for m G (0, mi] and e — 0. 

Proof. The bound (15. 6p with fco e 2 A 3 replaced by some constant times d\ is 
stated in [181 Theorem 2.5] for dispersion relations vj and form factors G 
fulfilling Hypothesis 13.11 In the cases vj = uj, G = e" lk ' x gl^ ra , or vj = uj £ , 
G = e~ tUe '* g mj£ we can clearly choose d\ = const e 2 A 3 uniformly inm ^ and 
e G [0, £1], for some E\ > 0. These remarks apply to both H y>rn ^ and H> m and 
on account of (15. 4p and (15.51) we obtain the same right hand side in (15.61) when 
£ = 0. To prove (15.71) we pick some < 5± < 7 ^ j e , choose I = Ji(m,e), 
and observe that, by Theorem I4.1[ g ^ 7 2 /4 — 8\ — 6 a 2 / (1 — a 2 ) ^ const > 0, 
uniformly in m ^ and e G [0,£i], provided that a\ G (0,1) is sufficiently 
small. Finally, we know from Corollary 13.81 that all threshold energies £ m , e , 
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m ^ 0, e G [0, £1], are bounded from above by some constant that depends 
only on the value of d\. Since d\ has been chosen uniformly in m ^ and 
e G [0, £]] this concludes the proof of this proposition. □ 

The following proposition is proved in Section [HI 

Proposition 5.5 (Soft photon bound). Let e 2 ,A > and 7 G (0, 2/71"). 
Then there exist constants, m 2 ^C G (0, 00) , such that, for all m G (0,m 2 ] and 
every normalized ground state eigenfunction, <p m , of H i m , we have 

|,2 C 

(5-8) || a(k) 4> m || < l{m^[k[<A} m > 

for almost every k = (k, A) G R 3 x Z 2 . 

The next proposition, which is also proved in Section [HI is the only place in the 
whole article where the special choice of the polarization vectors (12.41) enters 
into the analysis. 

Proposition 5.6 (Photon derivative bound). Let e 2 , A > 0, 7 G (0,2/%). 
Then there exist constants, m 3 ,C G (0, 00), such that, for all m G (0,m 3 ] and 
every normalized ground state eigenfunction, (fi m , of H 1>m , we have 

(5.9) || a(k) 4> m - a(p) </> m \\ ^ C |k - p| ( | k |i/2| k± | + bp^bj 

for almost every k = (k, X),p = (p, fi) G R 3 x Z 2 with in < |k| < A and 
m < |p| < A. (Here we use the notation introduced in (12.31) . ) 

We have now collected all prerequisites to show that inf c[if 7 ] is an eigenvalue 
ofH T 



Proof of Theorem \2.S\ by means of Propositions 15. 3H5. b\ Let m denote a nor- 
malized ground state of H lim , for m G (0, m*], where > is the minimum 
of the constants mo, m\, 777.2, 1^3 appearing in Propositions I5.3H5.6I Then the 
family {0 m }me(o,m^] contains a weakly convergent sequence, {0 mj }jeN- We de- 
note the weak limit of the latter by <fi and verify that 7^ in the following. 
The assertion of Theorem 12.21 will then follow from Lemma 15.11 (In fact, we 
shall show that <p mj <fi strongly in J%1 along a subsequence.) 

To verify that 0^0 one can argue as in [12]. Essentially, we only have 
to replace the Rellich-Kondrashov theorem applied there by a suitable imbed- 
ding theorem for spaces of functions with fractional derivatives. (In the non- 
relativistic case the ground states 4> m possess weak derivatives with respect to 
the electron coordinates, whereas in our case we only have Inequality (I5.14p 
below.) For the convenience of the reader we present the complete argument. 
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Writing m = (0m^)^= o e ©^=o ^\f > [^} we infer from the soft photon bound 
that 



OO 



< - f>ii4 n) ii 2 = - [ Mv^dk < £ 



n=no v ra=0 



for to G (0, to*] and some m-independent constant C G (0, oo). Given some 
e > we fix n G N so large that 

(5.10) C/n < e. 

By virtue of f)5.7p we further find some R > such that, for all to G (0, to*], 



(5.11) / 



In addition, the soft photon bound ensures that </>m^(x, q, hi, . . . , k n ) = 0, for 
almost every (x, q, kt, . . . , k n ) G R 3 x {1,2,3,4} x (R 3 x Z 2 ) n , kj = (k,-,A 3 -), 
such that |kj| > A, for some j G {1, . . . , n}. (Here and henceforth q labels the 
four spinor components.) For < n < n and some fixed 9 — (q, X±, . . . , X n ) G 
{1,2,3,4} x Z™ we set 

0m,£( X > k i> • • • > k «) := <f>$fa ^> k i> A l5 . . . , k n , A n ) 
and similarly for <p. Moreover, we set, for every 5^0, 

Qn.i, := { (x, ki, . . . ,k n ) : |x| < R - 8, 5 < \kj\ < A - 5 , j = 1, . . . , n } . 

Fixing some small < 5 < min{m*, R/2, A/4} we pick some cut-off function 
X G C™(R 3( - n+1 \ [0, 1]) such that x = 1 on Q Ht2 s and supp(y) C <2„ )( $ and 
define ip^e := X^mV ^ s a nex ^ s ^ e P ^ ne P n °ton derivative bound is used to 
show that {"^m 6»}mG(o,5] is a bounded family in the anisotropic Nikol'skh spac^l 
^(^ n+1 »), where s = (1/2, 1/2, 1/2, 1, . . . , 1) and q = (2, 2, 2,p, . . . ,p) with 
p G [1,2). In fact, employing the Holder inequality (w.r.t. d 3 x<i 3 k2 . . . d 3 k„) 



1 For n,...,r d G [0,1], qi ,...,q d >l, we have fffcw (R d ) := Dti^k^)- For 
ri € [0, 1), a measurable function / : R d -> C belongs to the class H£ x .(R d ), if / € L«'(R rf ) 
and there is some M € (0, oo) such that 

(5.12) ||/(-+fcei)-/|| £ , 4(Ri) < M|fc| r *, /»€R, 

where is the i-th canonical unit vector in R d . If r s ; = 1 then (|5.12[) is replaced by 

(5.13) \\f(- + he i )-2f + f(--he i )\\ LHm ^M\h\, h€R. 

H^f l 1 ,y.'.',q d d \R d ) is a Banach space with norm 

ii/ifc^ := mgfJ/IU^) + 

where Mi is the infimum of all constants M > satisfying (|5.12[) or (|5.13[) . respectively. 
Finally, we abbreviate H^ ri '-' Td) (R d ) := H^h:"q ,Td \ ] R d ). 
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and the photon derivative bound (15. 9p . we obtain as in [12], for pG [1,2) and 
m G (0, 5], 

J |0^(x, ki + h, k 2 , . . . , k n ) - 0^(x, k 1; . . . , K)\ P <Pxd?ki ■ ■ ■ d 3 K, 



Qn,S n 
{5<|k 1 +h|<A} 



([4n/3} n R 3 A 3 ( 



n-l) 



2-p 
2 



< - 1 1 j 2 — — e J ii °( k + h ' A ) ^ - a ^ A ) ^ ip 3k 

^ eZ 2 m<|k|<A, 
m<|k+h|<A 

|(fc (1) ,fc (2) )| A 

A f /■ dfcW > dk<$ 1 dk^dhW 

^ 11 J { J |(fc(i),A;( 2 ))|p/ 2 + ./ |A;( 3 )|p/ 2 J |(fc(i), A;( 2 ))|p 

l(fc( 1 ),fc( 2 ))|<A o ' KfcCiJ.fcC 2 ))! 



C'lhl 



p 



where the constants C, C" G (0, oo) do not depend on m G (0,5]. Since 
is symmetric in the photon variables the previous estimate implies [21] §4.8] 
that the weak first order partial derivatives of <jy^ 6 with respect to its last 3n 
variables exist on Q n> s and that 

n 3 
j=l i=l 

for m G (0, 5} and some m-independent C" G (0, oo), with r := (0, 0, 0, 1, . . . , 1). 
The previous estimate implies llVm^llw^R 3 ^ 1 )) ^ C" ■> f° r some C'" G (0, oo) 
which does not depend on m G (0, 6]. Moreover, the anisotropic Sobolev space 
W r( R3 (n+i)) ig continuously imbedded into #;(R 3 ( n+1 )); see, e.g., j2D §6.2]. 
Furthermore, since ^4 is a form core of H ljTn , m > 0, Corollary 13.71 shows that 

(5.14) (0^|l^o|0^ } ) ^ c- 1 (0 m |^ 7 , m m )+c = c~ 1 E m + c, ue N, 

for some m-independent c G (0, 00). Therefore, {^m j}me(o,m«] an d ; hence, 
Wml}me(o,m*] are bounded families in the Bessel potential, or, Liouville space 
L^'(R 3(n+1) ), r' := (1/2, 1/2, 1/2, 0, ... , 0), where the fractional derivatives are 
defined by means of the Fourier transform. The imbedding L\ (R 3 ( n+1 )) — > 
F 2 r '(R 3 ( n+1 )) is continuous, too [2D §9.3]. Altogether it follows that {ip { ^ e } m e{o,s) 
is a bounded family in ifq(IR 3 ^ n+1 ^). Now we may apply the compactness theo- 
rem [201 Theorem 3.2]. The latter ensures that {ip^ \}me(o,5] contains a sequence 
which is strongly converg ent in L 2 (Q n , 2 s) provided 1 - Snip- 1 - 2" 1 ) > 0. Of 
course, we can choose p < 2 large enough such that the latter condition is 
fulfilled, for all n = 1,...,uq — 1. By finitely many repeated selections of 
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subsequences we may hence assume without loss of generality that {4>^ e }jetti 

converges strongly in L 2 (Q n ^s) to (ffi, for ^ n < n . In particular, by the 
choice of n and R in (I5.10P and (15.111) . 

||0f ^ lim E Utle\\l*{Q n .s) > lim 11^ II 2 - * - <#) = 1 - & - c(5), 

n=0 6 

where we use the soft photon bound to estimate 

no— 1 

V" \^ II An) 



r 2 dr 



n=l 

^ V / ||a(k,A)0 m J 2 d 3 k ^ c( f & + [ A )— =: <■(,)) . 

AfcZ2 {|kK2«}U 
{|k|>A-2«} 

as 5 \ 0. Since 5 > and e > are arbitrary we get ||0|| = 1, whence (p m . — > 
strongly in ,^4. □ 

5.3. Existence of ground states with infra-red cut-off. At the end of this 
subsection we prove Proposition 15.31 In order to do so we first have to extend 
our results on the spatial localization of low-lying spectral subspaces a little 
bit. This extension requires the following inequality. 

Lemma 5.7. Let e 2 ,A>0, m,e)fl, 76 [0,2/tt), and a G [0,1). Moreover, 
let F G C°°(R 3 , [0, 00)) n L°° satisfy |VF| a. Then 

(5.15) I Re (ip I [# 7 , m , £ , e F ]e _i >) | s= 2 a 2 J (a) \\ip\\ 2 , p G ^4 • 

For m > and £ = ; iae same estimate holds true with H 1 ^ m replaced by H> m 
and ^4 replaced by the dense subspace @± defined in (14.121) . 

Proof. This lemma is a special case of [18j Lemma 5.7]. □ 

The last assertion of the next lemma is also used in the proof of the infra-red 
bounds. 

Lemma 5.8. Lete 2 ,A > 0, 7 G [0,2/n), and let mi, e 1; ai, Si, and Ji(m, e) 
be as in Proposition 5.J^, Assume that F G C°°(IR 3 , [0, 00)) satisfies |VF| ^ 



ax/2 and F(x) = ax|x|, for large |x|. Then there is some C G (0, 00) such 
that, for all m G [0, mi], e G [0, ex], and ip G Ran(lj 1 ( m)£ )(if 7imj£ )) ; we aave 
e F ip G Q(-ff 7 , m , £ ) ana 1 
(5.16) 

|| (# 7 , m , £ -F w ) 1/2 e F ^|| 2 ^ ||e 2F ^|| || (H m -E %m>£ ) tfj\\ + 2a 2 J(a) ||e F ^|| 2 . 
In particular, 

(5-17) || (i/ 7)m)e — F 7i?ni£ ) ^ e lj 1 ( rrti£ )(-f/ 7imie ) || ^ C , 
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where the constant C G (0, oo) neither depends on m G [0, mi] nor on e G 
[0,£i]. Moreover, for O E {\D \, \D Arn J, H fimj£ } and ip G lj 1 ( m , £ )(^ 



7,m,e y ; 



we 



/wwe e F V e ^(C 1/2 ) and 

(5.18) sup{||0 1/2 e F l Jl(m , £) (i/ 7 , m , £ ) || : 771 G [0, 777a] , £ G [0, £i] } < oo . 

For e = and m > 0, £/ie same assertions hold true with if 7imj£; |i^A me |; an d 
Hf, m ,e replaced by H> m , \D A >\, and H^ m , respectively. 

Proof. First, let ip G ^ 4 and let F G C°°(Rl, [0,oo)) n L°° such that |VF| ^ 
ai/2. Applying (15.151) with replaced by e F <p we obtain 

= Re < e 2F | (# 7 ,m, e - ■Ky.m.e) V 9 ) + ( e F y I [# 7 ,m, e , e F ] e" F (e F y>) ) 
(5-19) 

< | < e 2F if | (ff w - £ 7 ,m,e) V ) | + c(a) || e F y2 || 2 , 
where c(a) = 2a 2 J(a). In [T8"l Lemma 5.8] we proved the following inequality, 

( e G (p | # 7 , m , £ e G if ) < ci ||e G || 2 (<p \ H^ m>e ip) + c 2 \\e G \\ 2 \\f\\ 2 , <^ G % , 

for every G G C°°(R 3 , [0, oo)) fl L°° with || VG||oo < 1. In fact, we stated this 
inequality only for 7 = 0. Since is relatively form bounded with respect 
to i?o,m,£ with relative bound less than one it is clear, however, that it holds 
true for r y e G (0,2/tt) also, with new constants Ci,c 2 G (0, 00) of course. In 
particular, if ip G Q(if 7)m)E ), ip n G ^4, n G N, and </? n — > V with respect to 
the form norm of Hy jm>e , then e F ip,e 2F tp G Q(i7 7imj£ ) and e F y? n — > e F ?/> and 
e 2F y? n — > e 2F V with respect to the form norm of H J}Jrij£ also. We may thus 
replace if by any ip G Q(Hj >m)S ) in (15. 19j) . We fix some ip G Ran(l/(i? 7)7n)E )) 
in what follows. Then we additionally know that ip G T>(H irn£ ) since J is 
bounded and we arrive at 

|| (H m - F^) 1 / 2 / ^ || 2 ||e 2 ^ll || (^ w - F 7 , m , £ ) VII + c(o) He^ VII 2 . 

On the other hand we know from (15.61) that f e iF ^ (x) d 3 x < 00. We 

pick a sequence of bounded functions F n G C 00 ^ 3 , [0, 00)) such that |VF n | ^ 
ax/2, n G N, and F n / F. Then e F " V -» e F V and e 2F " -> e 2i? V in 
by dominated convergence. Inserting F n for F in the previous estimate we 
conclude that the densely defined linear functional 

f( V ) := (e F ^\(H w -E w ) 1 / 2 V )= lim ((H^ e - E^) 1 / 2 e F ^ \ V ) , 



for all 77 G Q(H 7jm>e ), is bounded, 

l/MI < (||e 2F Vllll(^ 7 , m , £ -F w )V||+c(a)||e F Vl| 2 ) 1/2 hl 
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for 77 G Q(H JirriiS ). Since (H Jimi£ — £ , 7)m)£ ) 1 ' 2 is self-adjoint with domain 
Q(H m ) it follows that e F V e Q(H y , m ,e) and ||(i7 7 , m , e - £ 7) m, e ) 1/2 e F VII = 



The inequality (15.171) follows from (15.161) and Proposition 15.41 The bound 
(15.181) follows from (15.171) and Corollary 13 . 71 where the constants can be chosen 
uniformly in m G [0, mi] and e G [0, £1]. In all the arguments above we can 
replace H ltTn by H> m , when e = 0, and all subspaces of by the corresponding 
truncated spaces without any further changes. So it is clear that the last 
assertion is valid, too. □ 

Next, we show that the condition (ETTBj) is fulfilled with G = G phys = e" ikx g, 

G = e~ We ' x g m>£ , and w — u, for every a > 0. To this end we set 

(5.20) 

A 2 (e) := [ l A Jk)(l + ^-) sup { e -M |e~ ik ' x g(k) - e ~ iUE ^'* g m , E (k)\ 2 }dk. 

Lemma 5.9. Let e 2 , A, a > 0, and m G (0, 1] . ^4s e > tends to zero, we /jctve 

(5.21) A 2 (e) = ^, 

m 

where the little o-symbol is uniform in m G (0, 1]. 

Proof. Of course, we have 1 + u) £ {k)~ l ^ 2/m on A m x Z 2 , whence 

X) / ( X + —7^) SU P { e " aW |e _ik " x g(*0 - e-^ k > x g m , £ (k)\ 2 } d 3 k 

4 



^ — ||g - Pgll^^c 3 



m 

(5.22) 



"' ^ ' ' l<5mK( k ))l 



— ik-x „— if e (fc)-x 



771 ' — ' J x gR3 



2 

3 



cfk, 



where P e is defined in (14.61) . Now, let r\ > 0. We choose some h G C^°([R 3 x 
Z 2 ,C 3 ) such that ||g — h||^ 0C 3 ^ 77. Applying P £ to all three components 
of g and h we get ||-P e g — PeliH^^ ^ i], for all m > 0, and since h is 
uniformly continuous on its compact support it is clear that ||P £ h — h||^ m(glC 3 — > 
0, as e \ 0, uniformly in m > 0. Since 77 > is arbitrarily small it follows 
that || g — P e g||.^ m 0c 3 ~ *■ 0, e \ 0, uniformly in m > 0. Furthermore, since 
|k - u £ (k)\ «C \/3e/2, for all k G A m , and |e~ ipoc - e- ik ' x | ^ |k - p| |x|, we 
deduce by means of the Cauchy-Schwarz inequality that the term in the last 
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line of (15.221) is bounded from above by 



m xeR3 



which is less than or equal to (6e 2 /[ma 2 ]) ||g||^. (The second sum runs over 
all u G {sJ-Y such that Q™{y) 7^ and we recall that f e (k) = v when 
keQ™(i/).) □ 

In the next lemma we compare the ground state energies 

(5.23) E m = infcr[H> m ) and E mfi := E J>m>£ = inf cr[# 7 , m , e ] . 

We recall that the Coulomb coupling constant in H ljTrli£ has been slightly 
changed to 7 e = 7/(1 — c(e)), where the function c : (0, 1) — > (0, 1) has not yet 
been specified. From now on we choose 

(5.24) c(e) := min{l/2 , m 1/4 A 1/2 (e)} , £ G (0, 1) , 
so that c(e) — > uniformly in m, as e \ 0. 

Lemma 5.10. Le£ e 2 , A > 0, m G (0,mi] ; and 7 G (0, 2/7r). TTien 

£ m ^ £ m , £ + o{e°)/m, 
where the little o-symbol is uniform in m. 

Proof. By virtue of gSD and Corollary Owe know that Q(H> m ) = Q(H 7>nhe ). 
In particular, we may pick some p G (0, Si] and try some normalized <fi p £ G 
Ran(l[ Em ei £ m e+p )(if 7jm e )) as a test function for H> m . Here Si is the parameter 
appearing in Proposition 15.41 and we shall also employ the parameters ai, £1, m 1; 
and the interval Ji(m, e) introduced there. We obtain 

^ E m>£ + p+ (r £ \(\D A >\-\D Am J)^ E ) 

+ T^y < K I W 1 # > + < # I ( H f,m - Hf,m,s) € > 

< E mt£ + p + A 1 /\e)(r £ \\D Am jr e ) 
+ A^^IK^ + E) 1 ^^!^ CA 3 / 2 ( £ ) ii^f 

+ T % T (^||x|- 1 0g)+ : ^ mHf,m,s€), 
J- — c(£) 1 — ^3e/m 

where E = E(e 2 ,A) G (0, 00) and F is chosen as in Lemma 15.81 In the 
second step we used (13.281) with e = r = A 1 / 2 (e) and (14. 8 p which implies 
- < (! " #/,™,- By virtue of (JEH we have 

\\{H f ^ £ + E) l ' 2 e F cj) p £ \\ < IK^^ + E) 1 ^!^^)^,^)!! < C, 
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where the constant C G (0, oo) neither depends on m G (0, mi] nor e G (0, £i\. 
Employing Corollary 13.71 once more we conclude that 

E m ^ E m , £ + p + C A 1/2 (e) + (o(e°)/m) ( <P P £ | (if 7 , m , e + 1)<%), 

where the little o-symbol is uniform in m G (0, m-i] and p is arbitrarily small. □ 

Proof of Proposition \5.3[ Let mi, e±, ai, 5i, and F be as in the statement of 
Proposition 15.41 and set 

(5-25) x ■= l(-oo,E m+m /4](H> m ) . 

We always assume that m ^ m 1; m/4 ^ 8%, and e ^ in the following so 
that f)5.7p can be applied to x- On account (14. 9p . Lemma 1531 and (I3.28P with 
e = t = c(e), where c(e) is given by (15.201) and (15.241) . we have 

x{tf> m -£ m -m/2}x 
^ (1 - c(e)) x { |^A m J - 7,/|x| + #/, m , £ - E m - m/2 } X - c{e) T x , 

where j e — 7/(1 — c(e)) and the norm of 

Ti := x { e F (H> m + E + E m + m/2) e F } X 

is bounded uniformly in m G (0, mi] due to (15. 6p and Lemma IST51 (The constant 
E appears when we apply (I3.28p . It depends on e 2 and A and is proportional 
to A 3 / 2 (e)/m 5 / 4 .) To proceed further we introduce the subspaces of discrete 
and fluctuating photon states, 

*so m ■ J- e ^ m 5 • " ) 

where P £ is defined in (I4.6p . The splitting Jff> = Jff£ © J^,{ gives rise to an 
isomorphism 

L 2 (R 3 , C 4 ) ® ^b(^C) = (^ 2 (R 3 , C 4 ) (g) ^ b [/ m l) ® ^ b [J^] 

and we observe that the Dirac operator and the field energy decompose under 
the above isomorphism as 

(5.26) D Am £ S D At £ ® 1^ , = ^ mj£ ® 1/ + l d ® ff/ >mie . 

Here and in the following we designate operators acting in the Fock space 
factors J&i,[j££], £ G {d, /}, by the corresponding superscript £ G {d, /}. In 
fact, the discretized vector potential A m £ acts on the various n-particle sectors 
in by tensor- multiplying or taking scalar products with elements from 

(apart from symmetrization and a normalization constant). Denoting the 
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projection onto the vacuum sector in ^[J^] by P n i, writing P^ t := l l — P n i, 
£ G {d, /}, and using Ht P^f = 0, we thus obtain 

x{H> m -E m -m/2} X + c{e)T x 

(5.27) ^ (1 - c(e)) X { [ \D A a m J - 7e /|x| + P^ - JSU - m/2] ® P Qf } x 

(5.28) + (1 - c(e)) X { [ I^A^J - 7,/|x| + flj^ - P m , £ ] ® ift } X 

(5.29) + (1 - c(e)) x { Id ® ^ ® (P/, m , E - P m + P m , e - m/2) P^ } X ■ 
Here J5 m , e is defined in ( I5.23p . Setting 

X d := \D Adm J- % /\x\+Hf^ E 

we observe that X d — E m>£ Id ^ so that the term in (I5.28j) is non-negative. In 
fact, let p > and pick some (fid € Q(X d ), \\(fid\\ = 1, satisfying ( (fid \ X d <fid ) < 
inf a(X d ) + p. Then 

(0d®fi / |(|I> Arai J-7 e /|x|+ J ff /im)S )0 (i ®^> = {(j> d \X d e (fi d ) < Ma(X d )+p 

because of ( 15.26]) . Moreover, we know from Lemma 15.101 that E m>£ — E m ^ 
o(e )/m, e \ 0. Since Hj m£ P^ f ^ mP^ this implies that the term in (I5.29P 
is non-negative also, provided that e > is sufficiently small. 

In order to bound the remaining term in (15. 27p from below we employ Corol- 
lary [313 (with A = 0, a = 0, w = uo £ ) and (I5.26P together with Hj m£ P n f = 
to get 

[\D Adm J- l£ /\x\ + H d f)m>E ]®P Qf 

= (1 <g> P nf ) { \D Am J - 7e /|x| + H f>m , e } (1 ® P n/ ) 

^ e [ | Do | + |x| 2 + H d m£ ]®Pnf - ( C(e, 7 , e 2 , A) + e |x| 2 ) <g> P n/ , 

for all sufficiently small values of e > 0. Since x is exponentially localized we 
further know that T 2 := x {| x | 2 ® Pfy} X is a bounded operator. Therefore, we 
arrive at 

x{H> m -E m -m/2}x + c'{e) (T\ + T 2 ) 
> x{[£|P>o|+£|x| 2 + £PT^ mj£ - C"(£, 7 ,e 2 ,A)] ®P Q /}x 

(5.30) ^ x { [e |A)| + ^ |x| 2 + £ P£ m , £ - C"(e, 7 , e 2 , A) ] _ <g> P n , } x , 

where [•••]- ^ denotes the negative part. Now, both |D | + |x| 2 and Hf me 
have purely discrete spectrum as operators on the electron and photon Hilbert 
spaces and P^/, of course, has rank one. (Recall that Hj >m£ is the restriction 
of the discretized field energy to the Fock space modeled over the "£ 2 -space" 
J^.) In particular, we observe that 

W~ !£ := [e\D \+e\^\ 2 + eH d ^ £ -C\e^,e\K)]_®P w - 
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is a finite rank operator, for every sufficiently small e > 0. 

We can now conclude the proof as follows: Given some sufficiently small 
m > we choose e > small enough such that, in particular, the terms in 
fl5^5D fe fl5^D are non-negative, - c(e)) < 2/vr, and d{e) {\\T X \\ + ||T 2 ||) < 
m/8. Since by definition (I5.25P it holds x {H^ m — E m — m/2} \ ^ — (m/4) x, 
we see that the left hand side of (15.301) is bounded from above by —(m/8) \i 
whence 

-(m/8) l Em+m/i (H> m ) ^ xW~ t£ x- 
In particular, l(_oo ,E m +m/4,](H> m ) is a finite rank projection. □ 

6. Infra-red bounds 

In this section we derive two key ingredients we have used to prove the exis- 
tence of ground states, namely the soft photon and photon derivative bounds. 
Soft photon bounds without infra-red regularization have been derived in non- 
relativistic QED first in |5] . We establish a soft photon bound for our non-local 
model by adapting an alternative argument from [12] where also the photon 
derivative bounds have been introduced. In order to obtain these two infra-red 
bounds it is crucial that the Hamiltonians H^^ m are gauge invariant. For it has 
been observed in [5] that a suitable gauge transformation results in a better 
infra-red behavior of the transformed vector potential. (More precisely, it has 
been pointed out in [12J that the procedure from [5] implicitly makes use of a 
gauge transformation.) Without the gauge transformation one would end up 
with a bound in terms of infra-red divergent integrals. 

This section is divided into four subsections. In the first one we introduce the 
gauge transformation mentioned above and prove some preparatory lemmata. 
In Subsections 16.21 and 16.31 we prove the soft photon and photon derivative 
bounds, respectively. Some technical lemmata used in these two subsections 
are postponed to Subsection 16.41 

6.1. The gauge transformed operator. To start with we recall that, for 
i,j G {1,2,3}, the components Am (x) and Am(y) of the magnetic vector 
potential at x, y G R 3 commute in the sense that all their spectral projections 
commute; see, e.g., [22l Theorem X.43]. Therefore, it makes sense to introduce 
the following operator- valued gauge transformation as in [12]. 

U := f U * dx ' ^ = II e^ A - (0) , x = ( Xl ,x 2 , x 3 ) G R 3 , 

?=1,2,3,4"' IR3 j=l 

so that 

(6.1) [U, a-A m ] = 0. 
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The gauge transformed vector potential is given by 

~ r® 

A m := A m - l<g>A m (0) = / a ( flt (ix) + a(gx)) d 3 x, 

5=1,2,3,4 ,/rS 

where 

:= l Am (k) (e ik ' x - 1) g(fc) , x G R 3 , a.e. fc = (k, A) G R 3 x Z 2 , 
and g is defined in (12.2p . In fact, using (16.11) we deduce that 

C/D Aro tr = £ Am , us Am u* =s Am , U \D A JU* = \D A J . 

Then the key observation [5] is that since 

(6.2) |g x (fc)| < l, k | >m |k| |x| |g(fc)| , x G R 3 , a.e. k G R 3 x Z 2 , 

the transformed vector potential A m has a better infra-red behavior than A m . 
In particular, infra-red divergent (for m \ 0) integrals appearing in the deriva- 
tion of the soft photon bound are avoided when we work with A m instead of 
A m . It is needless to say that the gauge invariance of H ljTn is crucial at this 
point. The price to pay is that we have to control the unbounded multiplica- 
tion operator |x| in (16. 2p . This is, however, possible thanks to the localization 
estimates recalled in Proposition 15.41 

Below we shall use the following simple observations. We pick some orthonor- 
mal basis, {eg : £ G N}, of X and some q G C ((R 3 \ {0}) x Z 2 ). Then Fubini's 
theorem, Parseval's formula, and the inequality ||o:-z|| 2 ^ 2 1 z | 2 , z G C 3 , imply 



a ■ (g x e F \uj v qe t )i\) 




where v G R, and F G (^^(R 3 , [0, oo)) is equal to a|x|, for large values of |x| 
and some a > 0. In (16.31) and henceforth Cp denotes some constant which only 
depends on the choice of F and whose value might change from one estimate to 
another. Moreover, we used that Icu^gxl ^ uj 1 ^ u |g| |x| and we simply wrote 
« • ( Ix e~ F | q e e ) instead of Xl ? =i,2,3,4 Irs « • ( gx e" F(x) | lo~ u q e e ) d 3 x in 
the first line. This slight abuse of notation will be maintained throughout the 
whole section and should cause no confusion. Setting 

(6.4) (A h /)(k, A) := /(k + h, A) - /(k, A) , k, h g R 3 , A G Z 2 , 
for every / G Jf, so that 

(6.5) ( A h /i | / 2 ) = ( /i | A_ h / 2 ) , /i,/ 2 eJf, 
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we further have 

(6.6) 53 || <*•(&! 

em 

where v E R and 



A h (u;-»qe e )}^\\ 2 ^ J£(h) ||V>|| : 



(6.7) 



W := 2 / 7^ SU P {|A-hg x (^)| 2 e- 2 ^)}^. 
J l K l xeK 3 



Lemma 6.1. Let m ^ ; y E R, and let f E such that uj~ 1 / 2 f E . Let 
F E C°°([Rx, [0, oo)) satisfy -F(x) = a|x|, for large |x| and some a E (0, 1), and 
\VF\ ^ a and set L := icx ■ VF. Then (recall the notation (13. lip ) 

(6.8) [<f) , a • A m ] = a-(/|g x )0, 

(6.9) [at(/) , a • A m ] = -a-(g x |/)0, 

(6.10) [% m>i (w) , a(f)) i> = R Am!L (iy) a ■ ( f |g x ) e~ F R~ A ^ 2L (iy) e F $ , 

(6.11) [ot(/), R AmjL (iy)]^ = R Am ^y) a .(g x \f)e- F R^ 2L (iy)e F ^, 

for all (j) E V(Hf) and ip E T>{B X J 2 '). Moreover, let {eg : £ E J} be an 
orthonormal system in J%f . Then we have, for all q E Cq((R 3 \ {0}) x Z2), 
k E [0, 1), and v E R, 



(6.12) 



and 



T,\W D Aj K iSA m iA^qee)}e- F \\ 2 ^ C F , K ||^gg|| 2 



(6.13) ^\\\D A J K [^ m ,a»(A h (^ge,))]e- F || 2 < C K J^(h), h E R 3 . 

Proof. We drop the subscript m in this proof. Of course (I6.8P and (16. 9p follow 
immediately from the canonical commutation relations and (16.101) and (16.111) 
are easy consequences. (16.101) and (16.111) together with (13.221) permit to get 
(the superscript Jj denotes complex conjugation when a" is a) and has to be 
ignored when is a) 

|<|/^|>|[S x ,a«(/)]e-^)| 
^ [\(\D A \ K p\Rz(iy)a.(f\g x )*e- F R^y)v X ^ 

\\\D^R^v)t ^v\ 112 

(1+ n ) 
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([(l + y 2 T /2 

J [R 



OL-{f\^e->YR^ L (iy)v\\ ^ 



2 dy\ V 2 



35 



for all (p,rj G ^4. Inserting / = 10 u qee and summing the squares of the 
resulting inequalities with respect to £ we thus obtain 

J2\\\Da\ K ISa> Au- U qe e )}e- F V \\ 2 

for every ?] 6 Now (16.121) follows from the previous estimate in combination 
with (I6.3p and (13.261) . If we replace uj~ u qee by A h (u~ u q ee) in the above 
argument and apply (16.61) instead of (16.31) then we also obtain (I6.13p . □ 

6.2. Soft photon bound. Now assume that m is a normalized ground state 
eigenvector of the semi-relativistic Pauli-Fierz operator H 1 ^ m and set 

E m := inf <j[H^ m ] , (p m := U (p m , H f = H hm := U H f U* , 

and 

E 1 = H 1>m := UH^U* = \D A J -^+H f . 
Differentiating with respect to x we verify that (g m := t^ m g) 

(6.14) [E/*,a(/)] = -i(f\&*'x)U x , [U* , a(/)] = i(f | g m - x) U* . 

For instance, both sides of the left identity are solutions of the initial value 
problem V x T(x) = «A m (0)T(x) -z(/|g m )C/ X) T(0) = 0. Moreover, we 
observe that (16.141) gives 

(6.15) [H f ,a(f)) = -a(uf) + i(u f | g m • x) . 

Proof of Proposition 15.51 We drop all subscripts m in this proof. We proceed 
along the lines of the proof presented in (12, Appendix B]. The new complication 
comes from the terms involving the non-local operator \Da\- To begin with we 
recall that, by Fubini's theorem and Parceval's identity, 

(6.16) ( a (f V> I a (h e e ) T] > = / f(k) h(Jt) ( a{k) $ \ a{k) rj) dk , 

for /, h G JT n L°° and ip, 77 G V(H) /2 ). 

Let g G C ((IR 3 \{0}) x Z 2 ). (In the end we shall insert a family of approximate 
delta-functions for q.) Moreover, we let {eg : I G N} denote some orthonormal 
basis of and assume that the weight function F G C°°([R 3 , [0, 00)) is equal 
to a|x|, for all x G R 3 , |x| ^ i?, and some R > such that |VF| ^ a on R 3 . 
Here a G (0, 1/2) is assumed to be so small that the bound (15.71) is available 
with a replaced by 2a. Accordingly we shall always assume that m G (0, mi], 



where mi is the parameter appearing in Proposition 15. 41 Together with (16.141) 
the identity (16.161) then implies 



\q(k)\ 2 \\a(k) <f)\\ 2 dk = ^||£/a(gQ)0|| 2 
^ 2^||a(ge £ )0|| 2 + 2^Tsup |< qe e | g • xe" f W >| 2 \\e F <f)\\ 2 



teN <?gn xeR3 



(6.17) < 2 / \q(k)\ 2 \\a(k)j\\ 2 dk + 2C F I l, k] W$L dk . 



for m G (0,mi]. Here Cf G (0, oo) depends on F and on the quantity in (15. 7p . 
but not on m. In what follows we derive a bound on the left term in the last 
line of (16.171) . To this end we pick some i/j 6 [/f 4 and some / G Jfc with 
compact support in (R 3 \ {0}) x Z 2 . Writing \Dj\ = and employing the 

eigenvalue equation for (f> we deduce that 



{H ljm - E m ) ip | a(f) (p ) = ( [a f (/) , H 1>m - E m \ ip | <j> 

= ([at(/),a-A]5 A V|0> 



+ <I^aI 1/2 [a\f) ,%]^ | %|^r /2 0) 
+ <[at(/), J ff / ]V> 



By Lemma 16.11 and (16.15P we may replace ip G U @a on the right and left hand 
sides of the previous identity by any element of Q(f/ 7iTO ) and in Appendix [A] 
we verify that a(f) (ft G Q(H 7)m ). On account of (16.151) and H im — E m ^ we 
thus get 



{a{f)4>\a{uf)4>) ^ -<[^,a(/)]0|a-(/|g x )0) 

-<a(/)^0|a-(/|g x )0) 
+ < \D~ A \ 11 ^ \a\f) , S~ A ] a(f) | S A \D^ 2 4> ) 
(6.18) +i(a(/)0|(a;/|g.x)0>. 



37 



Next, we substitute / by fg := cu x l 2 q and sum with respect to I. On account 
of (16.161) this results in 

(6.19) I \q(k)\ 2 \\a(k)0\\ 2 dk ^ | £ ( [£ x , a{f t )] 4> | « • (ft\ g x ) 4>) 

(6.20) + | ^<a(/,)%0|a-(/,|g x )0) 

tew 

+ I J2(\ D A\ 1/2 [^(fi),S A }a(f e )^\S A \D^^) 



(6.21) 
(6.22) 



+ I 52(a(f t )<p\(uf t \g.x)<p) 



By means of the Cauchy-Schwarz inequality, (16. 3p . and (I6.12p we deduce the 
following bound on the term on the right side of (16.191) . 



(6.23) I J2 < [Sx > «(/*)] ^ I « • ( /< I ix e" F ) e F > 



< C F \\cu^ 2 ; 



\ 2 \\e F M 2 . 



Furthermore, we observe that 

(6.24) ^(g-xe- F |cu/,)a(/,)^ = e~ F x • a(|g| 2 g) ^ , ^ eV(H)' 2 ) 



Similarly as in [12] we employ (I6.24p to estimate the term in (16.221) as 
\j2(a(fi)0\(^fe\g-xe- F }e F 0) 



\q{k)\ 2 (a{k)(j)\ (g(Jfe) -xe~ F ) e F 0)d£; 



(6.25) 



< - / \q(k)\ 2 \\a(k) <f>\\ 2 dk + -± I l| k ,<A 



l?(*)| s 



dfc||e F 0|| 1 



for every 5 G (0, 1]. Here we also used that |g(fc) • x| 2 ^ |x| 2 /|k|. The terms 
in (16.201) and (I6.2ip are treated in Lemmata 16.21 and 16.31 below, where we show 
that their sum is bounded from above by 



\q{k)\ 2 \\a{k)(t)\\ 2 dk + 



C" 

T 



k l + Tu) l|kKA \q(k)\ 2 dk , 



for some C" G (0, oo) and every 5 G (0, 1/2]. Putting all the estimates above 
together, we arrive at 



(6.26) (1-5) / \q(k)\ 2 \\a(k) 4>\\ 2 dk < 



T 



1 

Ik! 



l|k|<A |g(fc)| 2 dfc ; 



for every 5 G (0, 1/2]. Here the constant C" G (0, oo) does not depend on m G 
(0, mi]. Combining (16.261) with (16.171) and peaking at some k by inserting an 



appropriate family of approximate delta-functions for q, we obtain the asserted 
estimate (JS^D- D 



6.3. Photon derivative bound. In this subsection we make use of the par- 
ticular choice (12.41) of the polarization vectors. In the following we use the 
abbreviations 

k + h := (k+h, A), (A h /)(fc) := f(k + h)-f(k), 
(A_ h a)(/) := a(A h /), (A_ h a)(A:) := a{k - h) - a{k) , 

where h G R 3 , k = (k, A) G R 3 x Z 2 , and / G Jt, so that 

(Ah/il/a) = (/i|A_ h / a >, 

(A_ h a)(/) = Jj{k)(A_ h a)(k)dk. 

Proof of Proposition \5.6[ Most subscripts m are dropped in this proof so that 
= m , A = A m , etc. Again, we carry through a procedure presented in [T2(, 
Appendix B] and the new difficulty is how to deal with the non-local term in 

First, we pick some orthonormal basis, {e^ : £ G N}, of Jfc and observe that 
(6.27) 

( A- h a(/ e { ) i/> | A_ h a(/i e/ ) r] > = / /(A;) h(k~) ( A^ h a{k) $ | A_ h a(£;) 77 ) dfc, 

for all /, /i G fl in analogy to (16.161) . Similarly to (16.171) we employ 
(JHUD and (167271) to get 

/ |g(A;)| 2 ||(A_ h a)(A;)0|| 2 rfA; = ^ || [/ a(A h (g e £ )) f 

^ 2 ||«(Ah(ge,)) 0|| 2 + 2^sup|<e,| q A_ h g -xe"^ > | 2 ||e F -H 2 

xeR 3 



(6.28) 



^ 2 y | g (fc)| 2 ||(A_ h a)(fc)0||'dfc + 2C£ y \q(k)\ 2 |A„ h g(A;)| 2 dk , 
for every a G C ((R 3 \ {0}) x Z 2 ). In the following we seek for a bound on 
I q (h) := J \q{k)\ 2 \\{A_ h a)(k)$\\ 2 dk 
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and pick some / G <W with compact support in (R 3 \{0}) x Z2. Then we clearly 
have 

(A_ h a(/)0| A_ h a(cu/)0) 

(6.29) = (a(A h /)0|a(^A h /)0) + ( A_ h a(/) | a((A h a;) /(■ + h)) > . 

Moreover, we use the eigenvalue equation for and an argument analogous to 
the one leading to (16.181) to infer that 

< (a(A h /)0| (F 7 , m - £ TO )a(A h /) ) 
= -<a(A h /)0|^a-(A h /|g x >0) 

+ < [at (Ah/) , Sl ) a(A h f) I 5 A |/^| 1/2 ) 

(6.30) -(a(A h /)^|a(wA h /)0> 

+ 2<a(A h /)0|(^A h /|g-x>0). 

When we add this inequality to (I6.29P the first term on the right hand side of 
(16.291) and the term in (16.301) cancel each other and we obtain 

(A_ h a(/)0| A^ h a(cu/)0> 

(6.31) < (A_ h a(/)0|a((A h a;)/(- + h))0) 

(6.32) -([Sz, A_ h a(/)] | a • ( / | A_ h g x ) ) 

(6.33) - < a • ( A_ h g x I / ) A_ h a(/) S x | > 

(6.34) + < l^l 1 / 2 [at(A h /) , S A ] A_ h a(/) | 5 X |£> A | 1/2 J > 

(6.35) + z< A_ h a(/) I ( / I A_ h (cu g • x) ) ) . 

We replace / by fi — uj~ x I 2 qe£, for some orthonormal basis {eg : £ G N} of 
and some q G C (^4 m xZ 2 ), and sum the previous estimate with respect 
to £. Notice that, apart from the term in (16.311) . the previous estimate is an 
analogue of (16.181) with a replaced by A_ h a or / replaced by A h f. Moreover, 
employing (I6.27P we find 

(6.36) ^<A_ h a(/,)0| A_ h a(u;^)0) = / |g(A;)| 2 || A_ h a(A;) 0|| 2 dk . 

Furthermore, an analogue of (16.241) reads 
(6.37) 

^(A_ h (^g-x)e- F |^)A_ h a(/ £ )^ = A_ h a(^- 1 |g| 2 A_ h (^g-x)e- F )^, 
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1 /9 

for ip E Di-Hf )• Here and henceforth we choose F as described in the para- 
graph succeeding Equation (I6.16p . We may hence use the same line of argu- 
ments that led to (I6.25P in order to deduce that 



| Y^i{ A- h a(//) ?| ( ft I A_ h (a; g • x) } ) 

(6.38) < il 9 (h) + ^ |M^|A_ h (.g)(A;)| 2 ^. 

Moreover, (15.71) . (I6.6p . (I6.13p . and the Cauchy-Schwarz inequality permit to get 

(6.39) \j2(i S A> ^a(ft)]j\<x - (f e \A„ h g x e- F ) e F j) ^ C"J^(h). 



f'fcN 



For the term appearing in (I6.3ip we find by means of the soft photon bound 
(for instead of 0; recall (I6.26P ) 

| J2( A_ h a(/O0| a((A h w) //(■ + h)) ) 

= I [(A h iu)(k~h)^^(A^ h a(k)^\a(k-h)^)dk 
I y ui[k) 

(6.40) < |/,( h ) + i^wi 2 -"hT 

Finally, Lemmata 16.21 and 16.31 below together assert that the terms in (16.331) 
and (16.341) can be estimated as 



(a- ( A_ h g x | ft > A_ h a(£) S A \ > 
+ I E ( \°a\ 1/2 [ flt (Ah/,) , %] A_ h a(£) f | % |^| 1/2 0> 



(6.41) ^ -I«(h) + T Jj(h). 
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Combining (IBT28]) and dOTD - dOBD with (lOSD - flCTD we arrive at 
' " r \q(k)\ 2 \\(A^a)(k)<f>\\ 2 dk 



< ^ |^^{|k| 2 |A_ h g(fc)| 2 +|A_ h (^g)(A;)| 2 }^ 



S 



+ —J Ikp |Jfc-h| 

(6.42) + (l + J_) |g(A;)| 2 sup {|A_ hgx (A;)| 2 e" 2 ^} dfc , 

for every <5 G (0, 1] and g G Co(An x Z 2 ). 

As in [12] we now employ the special choice of the polarization vectors (12. 4p 
in order to bound the discrete derivatives of the previous estimate. In fact, set 
y± := (y {2) , -y {l) ,0) and y° := y/jyj, for y = {y^\y^\y^) G R 3 \ {0}. Then 

(A_ h£ )(k,o) = -|k ± r i h ± + (i(k-h) J _r i -|k ± r i ) (k-h) ± , 

(A_ h e)(k, 1) = ((k - h)° - k°) A e(k - h, 0) + k° A (A_ h e)(k, 0) , 
whence 

|A_ h e(k,0)| ^ 2|h ± |/|k ± | < 2|h|/|kJ, 
|A_ h e(k,l)| < 2|h|/|k| + |A_ h e(k,0)| < 4|h|/|k ± | . 

In the sequel we re-introduce the reference to m in the notation. Since g m (/c) = 
|k|-V2 £ {k) l w< , kKA and \a~ 1 ' 2 - b~ l / 2 \ < (|a - 6|/2)(a" 3 / 2 + &" 3 / 2 ), a, 6 > 0, 
we further have, for m < |k|, |k — h| < A, 

4|h| 



k|V2|k ± | 2 V|k| 3 / 2 |k-h| 3 /V ' 



1 , 

— A_ h (u;g m ) < A_ h g m (/c) 





h| 




|k| 


l k 




h|V2 



|k| 

Moreover, since g x = (e* k ' x — 1) g m (fc) and |e* y ' x — e 4Z ' x | ^ |y — z| |x|, we find 

1 , _ , | i i » I lh| |x| 

— A_ h g x ^ |x| A_ h g m (fc) 



|k| |k-h|V2 

again for m < |k|, |k — h| < A. Furthermore, it is clear that 

(A h o;)(fc-h) 2 |h| 2 
|k| 2 |k-h| ^ |k| 2 |k-h| ' 
Finally, by Young's inequality, 

Ih| / 2 1 





h| 




|k| 


l k 




h|V2 



3 V|lc|V2|lcj_| |k-h|V2|(k-h)_ 
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Inserting the previous estimates in (16.421) we find some constant, C G (0, oo) 
such that, for all m G (0,mi], 5 G (0, 1/2], and q G C (A m x Z 2 , C) 



|g(£;)| 2 ||(A_ h o)(A;) m f dk 

|2 C(1 + A 2 ) /•, , M|2 / 1 1 



< |h| ■ JL 7-^ 7 mi l^TF + |k-h||(k-hup ; dfc • 

provided that m < |k|,|k — h| <Aon the support of q. Peaking at some fixed 
k G A m x Z 2 with m < |k|, |k — h| < A, kj_, (k — h)j_ ^ 0, by inserting a family 
of approximate ^-functions for q we conclude the proof of Proposition 15 .61 □ 



6.4. Some technical lemmata. In this subsection we complete the derivation 
of the soft photon and photon derivative bounds by providing the missing 
estimates on (I6.20p . (I6.2ip . and (16.41 j) . Throughout the whole section we drop 
the subscript m and one should keep in mind that g and g x are cut-off in the 
infra-red under this convention. 

Lemma 6.2. Let e 2 , A > and 7 G (0,2/n). Then we find constants, C,C G 
(0, 00) , such that, for all m G (0, mj, 5 G (0, 1], q G C (([R 3 \ {0}) x Z 2 ), every 
orthonormal basis, {e^ : i G N}, ofJt, and ft := <jj~ x l 2 qei, 

\Y,( a (fe) S At\<x-{h\g*)t) 
(6.43) ^ 6 J \q{k)\ 2 \\a{k)i\\ 2 dk + j f (|k| + 1 N<A |g(A;)| 2 dk . 



and 



J J^i A-ho(//) S x <f>\a-(ft\ A„ hgx ) ) 

ee\ti 

(6.44) < 5 J \q{k)\ 2 \\ A_ h a(k)0\\ 2 dk + ji( h ) . 

Here mi > is the parameter appearing in Proposition\5.4\ and </„ (h) is defined 



in <K7h. 



Proof. We only prove (I6.44[) explicitly as (16.431) may be obtained by simply 
ignoring the operators A-th in the argument below. Let F G C°°(IR X , [0, 00)) 
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be as in the paragraph preceding (16.171) . We write 

E( a ■ ( A_ hgx e- F | uj- 1 ' 2 q e t ) A_ h a(c^ 1/2 q e e ) S A | e 1 



(6.45) 
(6.46) 



a ■ A^a{uj- 1 \q\ 2 A_ hgx e- F ) S^(j)\e F ) 
^2(c* ■ (u^q A_ h g x e~ F \ e e ) [A_ h a(g e t ) , %] | e i 



+ ^ < ol ■ ( uj 1 q A_ h g x e F | e £ ) S~ A_ h a(g e £ ) | e F ) 

=: + E^W- 

tew eehi 

On account of (16.61) . (16.131) . and the Cauchy-Schwarz inequality the term in 
(16.451) is bounded by 

Ti|2 



Using (I6.27P we estimate the term in (16.461) as 

< CJ^h) 1 / 2 ^^^^! \q(k)\ 2 \\A_ h a(k)j\\ 2 dk 



1/2 



Altogether this implies the second asserted estimate (16.441) . (Recall (15.71) .) 
When we ignore the operators A±^ then we apply (I6.3P and (I6.12p and we have 
to replace each factor J v q (h) by some constant times <?g|| 2 . □ 

Lemma 6.3. Let e 2 ,A > and 7 £ (0,2/ir). Then there is a constant, C £ 
(0, 00), such that, for every orthonormal basis, {e^ : i £ N}, of Jfc , and for all 
q £ C ((R 3 \ {0}) x Z 2 ), me (0,771x1, ^ (0,1], and := cu" 1 / 2 ^^ 



(6.47) 



E( I D aI V2 , Si\ a(f e ) 5 S \D X \W 



< 5 / \q(k)\ 2 \\a(k) <f)\\ 2 dk 



5 



k| + 



\q{k)\ 2 dk. 



Moreover, for all h £ R 3 , 

I [at(A h /,) , S'x] A_ h a(/,) | % |D s r/ 2 

C(l + A 2 " 1 



(6.48) 



^ 5 / |g(A;)| 2 ||A_ h a(A ; )0|| 2 dfc + 



5 



Here nix > is the parameter appearing in Proposition 5^ and J}(h) is defined 
in (IOI . 
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Proof. Let F G C°°([Rx, [0, oo)) be as in the paragraph preceding (I6.17P and 
set L := ict ■ WF. Since we do not know whether G Pd-D^J 1 / 2 ) and e F <p G 
Pd-D^J 1 / 2 ) belong to the domain of .D^ and since the commutation relation 
(16.111) requires exponential weights in order to control g x we have to be careful 
when doing formal manipulations in what follows. Therefore, the arguments in 
the next paragraphs look somewhat elaborate. Let / G Jt such that uj~ 1 ^ 2 f G 
also. On account of (13.221) and (16. lip we have 



I^aI 1/2 [a\f),S A ]a(f)^\S A \D A \^4>) 



\D~A 1 / 2 lim 

T->0O 



i \ d y 

" 



S-AD-A 1 ' 2 , 



where 



V(V) ■= R~ A {iy)cc-{^e- F \f)R~ AL {iy)a{f)e F ( j ) eV{D~ A 



A> ' 



y G R. 



We recall from Lemma [5.81 that e F (j) G T>(H 1 ^ 2 ) and, hence, e F <p G V(a(f)). 
Next, we observe that both Bochner integrals L r)(y) dy and J R l-D^J 1 / 2 r)(y) dy 
are absolutely convergent. Since l-D^J 1 / 2 is closed and the Bochner integral 
commutes with closed operators we thus get 

({D^ 2 [aHf),S A ]a(f)^\S A \D A \^ 2 ^) 



e F D A rj(y) 
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(6.49) 



- F \f)R A (iy)a(f). 
dy 



)v(y) 



(D A - L)R A _ L (iy)cx- (g x e 

R A {iy) a(f) 4> " • ( / I Sx 

where we applied Lemma 13.41 in the second step and abbreviated 
(6.50) rfcy) := (\D A \ 1 / 2 Rx_ L (iy)) m S A {D^ 2 e F + R A J-iy)Le 



\ dy 



I 



7T 



In Lemma 16.41 below we show that there is some constant, C G (0, oo), such 
that, for all m G [0, mj, 



(6.51) 



/ 11^) II 2 - 



^ C . 



In the sequel we only treat (I6.48P explicitly. From time to time we indicate 
what has to be changed in order to derive (16.471) which is obtained essentially 
by ignoring the operators A-th below. Substituting / by Ah/f in (I6.49P and 
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employing (16.31) we get 



Ra(w) a U) 4> oc (/|g x e 
ja(A h /,)0|| 2 



E 



/ 7T 

^)V^a /2 (h) / ||%)||W 



(When Ah is dropped then J^ 2 (h) has to be replaced by Cp ||^ 1//2 <?g||-) Here 
the first integral on the right hand side, 



E 



H^fi)4>\\ 2 , 

2 "2/ = ^ 



1 + 2/ 2 



— 1 1 Z 

A_ha(fc) c/A; 



is finite since g has a compact support in (R 3 \ {0}) x Z 2 . When we sum (I6.49P 
with / = A h f e (or / = f e ) with respect to £ we may thus interchange the 
^-integration with the ^-summation. Proceeding in this way and commuting 
a(Ah/f) through the resolvent in the last line of (16.491) and using (16.101) and 

^(g x e- F | A h / £ ) a(A h / £ ) ^ = A_ h a(u;- 1 |g| 2 A_ h g x e- i;, )V>, 

ee\n 

— 1 /2 

for ^> G 'DyH/ ), we arrive at 

I ^< l^l 1 / 2 [flt(A h /,) , %] a(A h /j) | % |Z^| 1/2 ) 



(6.52) 
(6.53) 

(6.54) 



< / (a-A_ h a(a;- 1 | g | 2 A_ h g x e- i; ')it: i (^)0 v(y))- 



dy 



/ ||%(zy)H 2 ||«-(A h Mg xe - ir )% )L (zy) e J 



7T 

7T 



dy\i 



a ■ (A h f e | g x e )rj(y) — 



7T 



Applying (13.261) . (16.61) . and (16.511) to the terms in (I6.53P and (16.541) we obtain 
(6.55) (integral in fl^33]) ) 1/2 • (integral in flB34l) ) 1/2 ^ const J* /2 (h) ||e F 0|| . 

When we ignore the operators A±^ in the estimates above then we apply (16. 3p 
instead of (16. 6p and J^ 2 (h) has to be replaced by Cp ||c<// 2 gg|| 2 in (16.551) . The 
idea behind the procedure started above is that we can now write 

ol ■ a(A h (u- 1 \q\ 2 A_ h g x ) e~ F ) R A (iy) 



^2 a ■ ( u 1 <? A-hg« 



)a(A h (ge £ )) R^(iy) 
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and commute the x-independent annihilation operator a(Ah(q , e^)) - which also 
contains no ^"^-singularity anymore - with the resolvent to its right. As a 
result we obtain 

Uoc- a(A h (c^- 1 \q\ 2 A_ h g x ) e~ F ) R A (ty) | v(y) ) — 

(6.56) [ (RA(w)a{A h (qe e ))^ a -(e e \lA_ h gxe- F )v(y))dy 

(6.57) + (X) / ||^A(^)«-(9^|A-hgxe- F )% L (^)e F 0|| 2 ^)" 

/. i 

(6.58) '(X/ ||«-(^k" 1 ?A_ h g x e- i;, )^)|| 2 ^)" 

By virtue of (I6.6P we have, analogously to (|6.55|) . 
(6.59) 

(integral in fl637|) ) 1/2 ■ (integral in fl63Bl ) 1/2 ^ const (jj(h) ^(h)) 172 . 

When we ignore the operators A±h, then the factor (J°(h) J^(h)) 1,/2 has to 
be replaced by Cp ||^9g|| lkg|| i n the previous estimate. The term in (I6.56p . 
finally, is estimated as 

i&i R y 

* (S / H a ' ( e *l^ -1 9 A -hgxe~ F )77(y) || 2 ^) 2 

(6.60) < (/ |g(A;)| 2 || A_ h a(A;) || 2 rfA;) ' J^h) 1 / 2 C 1/2 . 

Again, the factor J^(h) 1 / 2 has to be replaced by Cp ||?g||, when the operators 
A-th are dropped. Combining fl6.52p - fl6.60p we arrive at the asserted estimate 
(16.481) . Taking also the modifications indicated above into account we further 
obtain flCTD . □ 

Lemma 6.4. The bound ( I6.5ip holds true, where rj is defined in (16.501) and the 

constant C does not depend on m e (0, m x ] . 

Proof. As we did in the whole subsection we drop all subscripts m in this proof. 
Writing _ L (iy) = R^(iy) (1 + LR^ _ L {iy)) we deduce that 

(\D A \^ R A My))* = {l-R, L {-iy)L)\D^R x (-iy). 
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Abbreviating ipp := l-D^J 1 / 2 e F <p and employing Lemma [3.41 we thus get 

/ Uv)fdy ^ C ! WlD^R^^^fdy + C I ^^-dy. 
J Jr Jr 1 + V 

Moreover, the spectral calculus yields 

f \\\D x \V 2 R A (iy)ip F \\ 2 dy= [ f -£L d y d\\l x (D x ) ^|| 2 = tt U F f . 
Jr Jr Jr a + V 

We conclude by recalling that \\iPf\\ ^ || I-DaI 1 ^ 2 e F 0|| ^ C" in virtue of 
Lemma 15.81 □ 

Appendix A. A-priori bounds on eigenvectors 

The purpose of this appendix is to show that, for every eigenvector, (f> m , of 
i? 7 , m and every / G with u^ 1 ^ 2 f G Jt and lu f G Jt, the vector a(f) (j) m 
belongs to the form domain of i? 7 , m . This information is necessary in order 
to derive the soft photon and photon derivative bounds. To prove this result 
we shall essentially proceed along the lines of [121 Appendix B] in the proof of 
Lemma [A.4I later on. Lemma [A. II has also been observed in the non-relativistic 
setting in [T2]. In order to deal with the difficulties posed by the non- locality 



of H> m we shall derive two additional technical lemmata. 
In what follows we set, for E ^ 1 and / as above, 

a E (f) := a(/) E (H f + E)~ l , a E {f) := E (H f + E)~ l a\f) . 

Lemma A.l. Let e 2 ,A,m > 0, 7 G [0,2/tt), E ^ 1, and f G Jt such that 
uj- 1 ' 2 f G . Then a F {f) and a E (f) are continuous operators on the Hilbert 
space Q(i? 7 , m ) equipped with the form norm corresponding to H 1}in . 

Proof. It suffices to prove the assertion for 7 = since the form norms of 
Ho trn and i? 7 , m are equivalent, for 7 G (0,2/n). To begin with we recall from 
Lemma O that Q(H 0>m ) C Q(H f ) C V(a^(f)) since u~ 1/2 f G JT, where a tt is 
a or a"!". Applying Corollary 13 .71 (with A replaced by A m and A replaced by 0) 
we find some constant C G (0, 00) such that, for every <p G ^4, 

< a E (f) <p I H , m a E (f) <P)<C(\\ I A,| 1/2 aUf) <pf+\\ (#/ + 1) 1/2 a E (f) V |f) ■ 

In the first term on the right side a E (f) commutes with I-DqI 1 / 2 . Moreover, the 
norm of a E (f) is bounded by some constant depending on E. In the second 
term the operator (Hf + l) 1 / 2 £%(/) is easily seen to be bounded, for fixed E, 
as well. Employing Corollary 13.71 once more (this time with A = 0) we thus 
find, for some 6 (0, 00), 

( a E (f) Lp I H , m a E (f) tp) < C E (<p \ (#o,m + 1) V? ) • 
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Since is a form core for H 0m and a E (f) is bounded the statement becomes 
evident . □ 

Lemma A. 2. Assume that w and G satisfy Hvpothesis \3.1[ Then the operator 
|-Da| 1//2 E (Hf + E)~ x I-DaI" 1 / 2 is defined on all of J^i and its norm is bounded 
uniformly in E ^ 1. 

Proof. We use the norm convergent integral representation [T31 Page 286] 

1 dt 



D\ + 1 tV 4 



A 

1 f°° 1 / 1 1 \ dt 



2V% J Q 2i\D A -it 1 / 2 Da + H^J t 3 / 4 

to get, for cp, ip e ^4, 

<i^ A r /2 ^i [i^Ar i/2 ,^(^/+^)- i ]^> 

«=±i >/u A 

x{[o.A, g/ ](g / + g )-'} — ^y^ )^- 

On account of (lA.ip below it is obvious that both operators in the curly brackets 
{• • • } are bounded uniformly in E ^ 1. Taking also (13.231) into account we 
readily infer that the commutator of I-DaI" 1 ^ 2 and E (Hf + E) -1 maps J^f into 
the domain of I-Da) 1 ^ 2 and that 

sup II \D A \ 1/2 [ I^aT 172 , E (Hf + E)- 1 1 II < oo . 

E^l 

Now the assertion is obvious. □ 



Lemma A. 3. Assume that w and G fulfill Hupothesis \3.1\ Then the operator 
(Hf + E)~ x l 2 [Hf , 5a] |-Da| 1,/2 is well-defined on bounded, and its norm is 
bounded uniformly in E ^ 1 + (2d{) 2 . 

Proof. It is well-known that 

a ■ E := [iZ> , a • A] = / a • (o f (w e ikx g) - a(cj e lk ' x g)) d 3 x , 

5=1, W' * 3 

where E is the electric field, and that, consequently, 

(A.l) || (H f + E)- 1 ' 2 [H f ,a- A) \\ < (d 2 . + 2 d 2 1 ) 1 / 2 . 
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Employing Formula (13.221) . the intertwining relation (I3.13p . and f!3.23j) we thus 
get, for all <p, ip G Q>±, 



\{v\{H f + E)- 1 ' 2 [S A ,H f ]\D A \ 1 ' 2 i,)\ 



[ U Eyz^R^iHf + Ey^iHf, a- A] R A (zy) {D^ 2 
Jr x 



dy 
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*C C{sup||S 1/2 , (^)||}(^ + 2 ^)V2 



According to (13.101) and (I3.12p the supremum in the last line is less than or 
equal to (1 — 2d\/ E l / 2 )~ l , which is uniformly bounded, for E ^ 1 + (2d\) 2 . □ 

Lemma A.4. Lei 7 G (0,2/7r), m > 0, / G X such that u~ 1/2 f,u f G JT, 
and assume that m is an eigenvector of H liTn . Then it follows that a(f) m G 
Q(H 7>m ). 

Proof. This proof proceeds along the lines of an argument in [T2l Appendix B]. 

To begin with we observe that m G V(a(f)) since T>(H Jjm ) C T>(H^ ) C 
V(a(f)) by Corollary 13.71 Moreover, using that u> f G J£T, it is easily verified 
that a E (f) m - * 0m, as i? tends to infinity. To prove the lemma is thus 
suffices to show that there is some .^-independent constant, C G (0,oo), such 
that 

(A.2) (a E (f)(f) m \H %m a E (f)(f) m ) < C, 

for all sufficiently large values of E > 0. In fact, Lemma [A. II ensures that the 
left hand side of flA.2[) is well-defined and flA.2[) itself implies that the functional 

u{rj) := (a(f)(j) m \(H lyTn ) l/2 7]) = Urn ((H^^) 1 ^ a E (f) <p m \r]) , 

E^oo 

for all rj G P((Lf 7j m) 1//2 ), is bounded with ||w|| ^ C 1 ^ 2 , whence a(f) m belongs 



0,m J 



to D((#7,™) 7 ) = Q(#< 

In order to prove (I A. 21) we pick some <p G £>4 and write 

(A.3) [# 7 , m , a B (/)] p = [S-a , a(/)] -Da £ (#, + E)" 1 ^ 

(A.4) - a • ( / 1 l Am e- ik ' x g ) £ (H f + J5)~ V 

(A.5) — a(u f) E (Hf + E)~ l tp 

(A.6) + a(f) [H JjTn ,E(H f + E)' 1 } p> 

=: Y l ip + Y 2 <p + I3 V + Y 4 <p . 

First, we discuss the terms in flA.3D — (jA.5D . We recall that both operators 
[Sa, |-Da| 1//2 and (Hf + l)~ l l 2 cl(uj f) are bounded. (Here we use that 
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uj 1 ! 2 f G L 2 .) From these remarks we readily infer that 

|(a B (/)^|(n+y 2 +y 3 )^>| 

^ C \\a E (f) <p\\\\ \D A \^ 2 E (H f + E)- 1 \D A \~ 1 / 2 \\ \\ \D A \ 1 / 2 <p \\ 

+ C\\a E (f)^\\\\E(Hf + E)- l \\\\ V \\ 

+ C\\(H f + 1) 1/2 a E (f) <p\\\\E(H f + E)- 1 \\\\<p\\, 

where the constant is independent of E. Thanks to Lemma [A. 21 we know that 
the second norm in the second line is bounded uniformly in E ^ 0. Conse- 
quently, we find, for every s G (0, 1], some C £ G (0, oo) such that, for all E ^ 1 
and <p G ^4, 

\(a E (f)<p\(Y l + Y 2 + Y 3 )^)\ 

(A.7) ^ e ( a E (f) <p\(H f + 1) a E (f) p > + C £ < tp \ \D A \ p ) . 

In order to treat the term Y4 (p in (IA.6I) we write 

Y,p = a(f) [\D A \, E{H f + E)- l ]y 

= {a(f) (H f + E)^ 2 }{(H f + E)^ 2 [H f , \D A \ ] \D A \^ 2 } x 

x { \D A \^ 2 E (H f + E)- 1 \D A \^/ 2 } \D A \V 2 <p . 

Here the first and the third curly brackets {■ ■ • } are bounded operators on 
whose norms are uniformly bounded in E ^ 1 due to a well-known estimate and 
Lemma IA.2[ respectively. We write the operator in the second curly bracket as 

(H f + E)-^ 2 [H f ,\D A \]\D A \-^ 2 

(A.8) = (H f + E)- 1 ' 2 [H f , S A ] |D A | 1/2 S a 

(A.9) + {(Hf + Ey l ' 2 S A (Hf + E) l l 2 }x 

(A.10) x (Hf + E)- 1 ' 2 [H f ,a- A] \D A \-^ 2 . 

Here the operators in (1A.8j) and (1A.9|) are bounded uniformly in E ^ 1 + (2g?i) 2 
as we know from Lemma [A. 31 and (13.161) . respectively. The operator in (lA.lOh 
is bounded uniformly in E ^ 1 according to (1A.1I) . Altogether it follows that 
I4 is a bounded operator with domain whose norm is uniformly bounded, 
for E ^ 1 + (2c?!) 2 . Combining this result with OA .70 we find, for every e > 0, 
two constants C, C' £ G (0, 00) such that, for all E ^ 1 + (2c?!) 2 and ip G ^4, 

\{a E (f)<p \ [H 1>m , a E (f)](p}\ 

^ e(a E (f)<p\(H 7)m + C')a E (f)<p) + C' E ( ip \ (H J>m + C) p ) . 

Here we also applied Corollary 13.71 

Now, we conclude as follows. Since a E (f) and a E (f) are bounded operators 
on Q(H lj7n ) and ^4 is a form core for H ljTn it follows from the previous estimate 
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that 

( a E (f) <j) m | H 7jTn a E (f) 4> m ) 

= E m ( a E (f) <f) m | a E (f) <p m ) + { a E {f) <f) m \ [H 7>m , a E (f)] <p m ) 

^ e { a E (f) <f) m | H ljTn a E (f) m ) 

+ (E m + eC) Woo-^fW 2 (<j> m \H f <j> m ) + C' e ((j> m \(H 7)m + C')<f> m ). 

Choosing some e < 1 and applying Corollary 13.71 once more we arrive at the 
desired bound (jA.2|) . □ 

Appendix B. Operators acting in Fock space 

In this appendix we recall some standard definitions. Let (,M,2l, fi) be some 
measure space. Then the bosonic Fock space modeled over the one particle 
Hilbert space L 2 (fi) is given as a countable direct sum 

oo 

^[L\n)] : = 0J^[L 2 Gu)] ^ = (^ (0) ^ (1) ^ (2) ,...), 

n=0 

where ^^[L 2 (fj,)] := C and J^ n ' ) [L 2 (/i)] is the subspace of all (S>"yU-square 
integrable functions ip^ : Ai n — ► C such that 

^ {n) (^ (1) , . . . , k <n) ) = ip (n \k u • • • > K) , 

®i/i-almost everywhere, for every permutation 7r : {1, . . . ,n} Q. The vector 
fl = (1, 0, 0, . . . ) G J£b[£ 2 (/-t)] is called the vacuum in j^b[X 2 (/i)]. The second 
quantization of the multiplication operator with a measurable function q : 
M. — > R is the self-adjoint operator defined by 

V(dT(q)) = { (^)~ G J^[L 2 (/i)] : 

oo „ n „ 

Yl / | ^2q(kj)^ (n \h,---,k n ) dfx(ki) . . . dfi(k n ) < oo}, 

n=l J j=l 

and (rfr(g) V) (0) = and 

n 

(dT(q) ^ n \h, . . . , k n ) = Q(kj) ^(h, ...,k n ), n G N , if, G V(dT(q)). 

3=1 

By symmetry and Fubini's theorem we find, for non-negative q, 



(B.l) < dT(q) 1/2 <P | dT(q) 1 ' 2 if) ) = J q{k) ( a(k) | a(k) $ ) dfi(k) , 

for all cf),ip G P(c?r(g) 1 / 2 ) where we use the notation 

(B.2) (a(k)^ n \h,...,k n ) = (n + l) 1 ' 2 ^ n+l \k 1 k ll ...,k n ) 1 n G N 
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almost everywhere, and a(k) Q = 0. We further recall that the creation and 
the annihilation operators of a boson / e L 2 {ji) are given by 

n 

j'=i 

(a(/)V) (n) (*4,---A) = (n + l)3 Jf(k)^ n+1 \k,k 1 ,---,k n )d t i(k),ne^ Q , 

and (at (f) ipy ^ = 0, a(f)Q = 0. We define a*(/) and a(/) on their max- 
imal domains. The following canonical commutation relations hold true on 

v{dv{in 

[a(f) , a(g)} = [a\f) , a\g)] = , [o(/) , a\g)} = (f\g)l, 

where f,g e J?T. Moreover, we have (a(f) (f)\ip) = {<fi\a i (f) %p) , and, by 
definition, a(/) = //(fc) a(k) (f)d/ji(k), for 0,^ £ P(dT(l)). 

Acknowledgement. This work has been partially supported by the DFG 
(SFB/TR12). 



References 

[1] Volker Bach, Thomas Chen, Jiirg Frohlich, and Israel Michael Sigal. Smooth Feshbach 
map and operator-theoretic renormalization group methods. J. Fund. Anal, 203(1):44- 
92, 2003. 

[2] Volker Bach, Jiirg Frohlich, and Alessandro Pizzo. Infrared-finite algorithms in QED: 
the groundstate of an atom interacting with the quantized radiation field. Comm. Math. 
Phys., 264(1):145-165, 2006. 

[3] Volker Bach, Jiirg Frohlich, and Israel Michael Sigal. Quantum electrodynamics of con- 
fined nonrclativistic particles. Adv. Math., 137(2):299-395, 1998. 

[4] Volker Bach, Jiirg Frohlich, and Israel Michael Sigal. Renormalization group analysis of 
spectral problems in quantum field theory. Adv. Math., 137(2):205-298, 1998. 

[5] Volker Bach, Jiirg Frohlich, and Israel Michael Sigal. Spectral analysis for systems of 
atoms and molecules coupled to the quantized radiation field. Comm. Math. Phys., 
207(2) :249-290, 1999. 

[6] Volker Bach and Martin Konenberg. Construction of the ground state in nonrelativistic 
QED by continuous flows. J. Differential Equations, 231(2):693-713, 2006. 

[7] Jean-Marie Barbaroux, Thomas Chen, and Semjon Vugalter. Binding conditions for 
atomic iV-electron systems in non-relativistic QED. Ann. Henri Poincare, 4(6) : 1101— 
1136, 2003. 

[8] Jean-Marie Barbaroux, Mouez Dimassi, and Jean-Claude Guillot. Quantum electrody- 
namics of relativistic bound states with cutoffs. J. Hyperbolic Differ. Equ., 1(2):271-314, 
2004. 

[9] Anne Bcrthier and Vladimir Georgescu. On the point spectrum of Dirac operators. J. 
Funct. Anal, 71(2):309-338, 1987. 
[10] Jiirg Frohlich, Marcel Griesemer, and Israel Michael Sigal. On spectral renormalization 
group. Rev. Math. Phys, 21:511-548, 2009. 



53 



[11] J. Frohlich, M. Griesemer, and B. Schlein. Asymptotic electromagnetic fields in models of 
quantum-mechanical matter interacting with the quantized radiation field. Adv. Math., 
164(2):349-398, 2001. 

[12] Marcel Griesemer, Elliott H. Lieb, and Michael Loss. Ground states in non-relativistic 

quantum electrodynamics. Invent. Math., 145(3):557-595, 2001. 
[13] Tosio Kato. Perturbation theory for linear operators. Classics in Mathematics. Springer- 

Verlag, Berlin, 1995. Reprint of the 1980 edition. 
[14] Martin Konenberg, Oliver Matte, and Edgardo Stockmeyer. Existence of ground states 

of hydrogen-like atoms in relativistic quantum electrodynamics II: The no-pair operator. 

In preparation. 

[15] Elliott H. Lieb and Michael Loss. A bound on binding energies and mass renormalization 
in models of quantum electrodynamics. J. Statist. Phys., 108(5-6):1057-1069, 2002. 

[16] Elliott H. Lieb and Michael Loss. Stability of a model of relativistic quantum electrody- 
namics. Comm. Math. Phys., 228(3):561-588, 2002. 

[17] Oliver Matte and Edgardo Stockmeyer. On the eigenfunctions of no-pair operators in 
classical magnetic fields. Integr. equ. oper. theory, 65(2):255-283, 2009. 

[18] Oliver Matte and Edgardo Stockmeyer. Exponential localization for a hydrogen-like 
atom in relativistic quantum electrodynamics. Comm. Math. Phys., Online First, 
doi:10.1007/s00220-009-0946-6, 2009. 

[19] Tadahiro Miyao and Herbert Spohn. Spectral analysis of the semi-relativistic Pauli-Fierz 
Hamiltonian. J. Funct. Anal, 256(7):2123-2156, 2009. 

[20] S. M. Nikol'skh. An imbedding theorem for functions with partial derivatives considered 
in different metrics. Izv. Akad. Nauk SSSR Ser. Mat, 22:321-336, 1958. (Russian.) 
English translation in: Amer. Math. Soc. Transl. (2), 90:27-43, 1970. 

[21] S. M. Nikol'skh. Approximation of functions of several variables and imbedding theorems. 
Springer- Verlag, New York, 1975. Translated from the Russian by John M. Danskin, Jr., 
Die Grundlehren der Mathematischen Wissenschaften, Band 205. 

[22] Michael Reed and Barry Simon. Methods of modern mathematical physics. II. Fourier 
analysis, self-adjointness. Academic Press [Harcourt Brace Jovanovich Publishers], New 
York, 1975. 

[23] Michael Reed and Barry Simon. Methods of modern mathematical physics. IV. Analysis 
of operators. Academic Press [Harcourt Brace Jovanovich Publishers], New York, 1978. 

[24] Michael Reed and Barry Simon. Methods of modern mathematical physics. I. Functional 
analysis. Academic Press Inc. [Harcourt Brace Jovanovich Publishers] , New York, second 
edition, 1980. 

[25] Itaru Sasaki. Ground state of a model in relativistic quantum electrodynamics with a 
fixed total momentum. Preprint, arXiv:math-ph/0606029v4, 2006. 

[26] Edgardo Stockmeyer. On the non-relativistic limit of a model in quantum electrody- 
namics. Prevrint. ErXiv:0 905. IOO61T. 2009. 



54 



Martin Konenberg, Fakultat fur Mathematik und Informatik, FernUniver- 
sitat Hagen, Lutzowstrasse 125, D-58084 Hagen, Germany. 
E-mail address: martin.koenenberg@fernuni-hagen.de 

Oliver Matte Institut fur Mathematik, TU Clausthal, Erzstrasse 1, D- 
38678 Clausthal-Zellerfeld, Germany, On leave from: Mathematisches Institut, 
Ludwig-Maximilians-Universitat, Theresienstrasse 39, D-80333 Munchen, Ger- 
many. 

E-mail address: matte@math.lmu.de 

Edgardo Stockmeyer, Mathematisches Institut, Ludwig-Maximilians-Univer- 
sitat, Theresienstrasse 39, D-80333 Munchen, Germany. 
E-mail address: stock@math.lmu.de 



55 



